®

Acta Mech Check for
https://doi.org/10.1007/s00707-026-04765-8 updates

ORIGINAL PAPER

Alim Berk Caglayan - Biisra Uzun

On axial dynamic analysis of viscoelastic nanorods
reinforced with particles

Received: 13 March 2026 / Revised: 12 May 2026 / Accepted: 18 May 2026
© The Author(s) 2026

Abstract This study proposes an analytical model for the size-dependent axial vibration of particle-reinforced
viscoelastic nanorods. Size effects and viscoelastic damping are incorporated utilizing nonlocal elasticity theory
and the Kelvin—Voigt model, respectively, while the effective mechanical properties are determined via the
Mori—Tanaka homogenization scheme. A key novelty of this work is the analytical formulation and solution of
characteristic equations for a broad range of boundary conditions, evolving in a generalized configuration where
a lumped mass and an elastic spring are simultaneously present at the rod’s extremity. The study systematically
investigates the influence of particle volume fraction, nonlocal size effects, material damping, and boundary
mass-spring parameters. It is found that the particle reinforcement ratio, nonlocal scale dependency, and the
inertial dominance of the attached mass play pivotal roles in modulating the axial vibration and attenuation
performance of the nanorods. Ultimately, this comprehensive theoretical framework provides critical insights
for the design and optimization of advanced nano-electro-mechanical systems (NEMS) and nanoresonators.

1 Introduction

The trajectory of technological progress has evolved from gaining the capacity for nanoscale observation
in the twentieth century to achieving nanometer-level manipulation and manufacturing in the twenty-first
century. Recent breakthroughs in nanotechnology have facilitated the design of next-generation engineering
materials that exhibit superior mechanical properties alongside unique electrical and thermal performances.
Gaining significant momentum following Iijima’s [1] synthesis of carbon nanotubes (CNTs), this era has
witnessed the development of nano-electro-mechanical systems (NEMS) utilizing structural elements such
as nanorods, nanowires, nanobeams, and nanoplates. These NEMS serve as fundamental building blocks
in high-precision biomedical devices [2—4], sensor architectures with precise actuation mechanisms [5-7],
energy-harvesting units [8, 9], and high-capacity processors [10, 11]. In such systems, which are expected to
deliver both adequate mechanical performance and specific functional capabilities, traditional materials are
increasingly being superseded by advanced materials that possess superior engineering characteristics and
the potential to satisfy multi-functional requirements. Although functionally graded materials (FGMs) have
gained prominence in this context, the narrowing processing tolerances associated with dimensional scaling
present significant challenges for fabricating such structures at the nanoscale given current manufacturing
limitations. Consequently, the utilization of reinforced composite structures has emerged as a viable alternative.
Formed by combining at least two distinct materials, reinforced composites aim to synergistically exploit the
superior properties of their constituent components. For instance, while one constituent may offer exceptional
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Fig. 1 a Force-driven nanorod system. b Material composition detection using a nanomechanical mass sensor

mechanical strength, another may provide chemical stability or enhance electrical conductivity. Consequently,
understanding the response of these performance-oriented composite structures to mechanical effects at the
nanoscale mandates a theoretical framework that goes beyond classical elasticity approaches, which typically
disregard small-scale effects.

When evaluating the mechanical behavior of micro- or nanoscale structures, phenomena such as interatomic
interactions and intermolecular bonding forces become highly significant. Classical continuum mechanics
inherently excludes these microscopic interactions and size effects from its formulations. Consequently, as
structural dimensions’ shrink, classical approaches fall short in accurately modeling the true physical reality.
To mathematically capture this scale dependency, various size-dependent frameworks have been proposed in
the literature, including strain gradient theory [12, 13], modified couple stress theory [14], surface effect
formulations [15, 16], and peridynamics [17, 18]. As is readily apparent from the literature, these size-
dependent theories have frequently been utilized to describe the mechanical responses of a wide spectrum
of small-scale elements. Such applications range from one-dimensional structures like functionally graded
(FG) porous microbeams/nanobeams [19, 20], CNT-reinforced micro-/nanobeams [21, 22], dielectric elas-
tomer microresonators [23], and axially loaded nanobeams with deformable boundaries [24], to more complex
two-dimensional architectures. These advanced 2D and 3D configurations encompass smart piezomagnetic
sandwich nanosensor plates [25, 26], auxetic and active FGM sandwich nanoplates [27, 28], and even porous
FG/lipid bionanoplates [29].

Among these methodologies, the nonlocal elasticity theory (NET) proposed by Eringen [30, 31] stands out
as the most widely adopted framework, primarily due to its computational efficiency and physical consistency
in the static and dynamic analysis of nanostructures. The core postulate of this theory deviates from the
local assumption, which restricts the stress at a reference point solely to the strain at that exact location, by
defining stress as a functional of the strain field across all points in the continuum. The nonlocal parameter,
integrated into classical constitutive relations and calibrated via atomic models, introduces a softening effect
by embedding the influence of long-range interatomic forces into the continuum model. A substantial portion
of the existing literature focusing on the mechanics of various nanoscale structures such as purely elastic FG
nanobeams [32, 33], nanoplates [34, 35], and composite nanoshells [36, 37] leverages NET to account for
size-dependent phenomena.

One-dimensional nanostructures, especially nanorods, play a pivotal role in modern engineering applica-
tions. Thanks to their exceptional electromechanical properties and high surface-to-volume ratios, nanorods are
extensively utilized as fundamental components in NEMS, nanoscale circuits [38], highly efficient electrodes
[39], and ultra-sensitive mass and force sensors [40, 41]. In the operational and mathematical modeling of
these advanced devices, nanorods frequently interact with external elements. For instance, in resonant-based
mass sensing applications, target biological or chemical molecules binding to the nanostructure are typically
modeled as attached discrete masses [42]. Similarly, the interactions of a nanorod with an end contacting elas-
tic medium, polymer matrix, or adjacent micro-/nanocomponents are mathematically idealized using attached
elastic springs. To serve as an example of rod-mass-spring systems modeled in the nanoenvironment, repre-
sentative schematic illustrations are presented in Fig. 1 [43-45].
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The size-dependent dynamic responses of nanorods have been reported in various studies, particularly
based on NET. For instance, Aydogdu [46, 47] investigated the axial vibration of nanorods under various
boundary conditions using this theory. Focusing on geometric discontinuities, Nassef [48] and Taima et al.
[49] analyzed the dynamic responses of cracked nanorods with variable cross sections and stepped nanorods,
respectively, elucidating the frequency shifts induced by structural irregularities in nonlocal systems. From
a material composition perspective, Nazemnezhad [50], Uzun et al. [51], and Uzun [52] investigated axially
FG materials, FG porous structures, and short-fiber-reinforced composites, respectively, evaluating the axial
vibration characteristics of nanorods composed of these materials within a nonlocal framework. Arda et al. [53]
investigated wave propagation in axially FG Rayleigh—Bishop nanorods through the lens of nonlocal elasticity.
Concentrating on boundary conditions, Xu et al. [54] analyzed the impact of internal elastic supports on axial
vibration in conjunction with NET. Yazicioglu and Civalek [55] studied the axial and torsional vibrations of
boron nitride nanotubes, incorporating size effects into their model using nonlocal elasticity theory. Numanoglu
et al. [56] addressed the axial vibration behavior of nanorods with mass or spring attachments within the
framework of nonlocal elasticity theory.

Despite the breadth of these investigations, most rely on the assumption of linear elasticity. This presents a
critical gap, as materials in real-world engineering contexts inevitably display viscoelastic damping behaviors,
driving internal friction and consequent energy dissipation. Accounting for viscoelastic material behavior in
the dynamic analysis of nanostructures is crucial for embedding a physically realistic material norm within the
mathematical model. To simulate material damping, the literature predominantly relies on the Kelvin—Voigt
model, which consists of an elastic spring paired in parallel with a viscous dashpot, configuration that mathemat-
ically dictates an iso-strain condition [57]. Investigations reveal that introducing this viscoelastic assumption
transforms the vibration frequencies of dynamic systems into complex quantities. Crucially, the viscoelastic
damping mechanism is noted to exert a profound impact, particularly in modulating vibration amplitudes at
higher modes.

This paradigm has driven extensive research across various structural and material configurations. Explor-
ing wave dynamics, Rahmani et al. [58] modeled rotating viscoelastic nanobeams, capturing scale effects by
fusing the modified couple stress theory with NET. In a related vein, Alrubea and Abouelregal [59] probed
the thermoelastic responses of viscoelastic nanobeams, deploying the Kelvin—Voigt model to account for both
temporal and spatial nonlocality. Shifting the focus to material heterogeneity, Balci [60] analyzed the forced
vibration of a radially FG porous viscoelastic nanorod, integrating size effects via NET. The critical role
of boundary conditions was highlighted by Kadioglu and Yayli [61], who assessed the nonlocality-driven
axial vibration of FG viscoelastic nanorods supported by deformable constraints. In a similar study, Kadioglu
et al. [62] investigated the size-dependent transverse vibration behavior of micromorphic Euler-Bernoulli
beams resting on a viscoelastic foundation by employing the nonlocal strain gradient theory. The influence
of elastic boundary conditions was also evaluated within the scope of the study. In another study carried out
by Mohamed et al. [63], which focused on viscoelastic nanobeams with perforated geometry, a vibration
formulation incorporating foundation interaction was developed. Broadening the scope to include complex
environmental phenomena, Shakhlavi [64] embedded a ferromagnetic—viscoelastic constitutive relation into
the model to gauge the interplay between geometric nonlinearity and axial vibration of nanorods. A simi-
lar multiphysics framework was adopted by Abouelregal and Sedighi [65] to study the size-dependent axial
dynamics of a rotating viscoelastic nanorod under concurrent magnetic and thermal loads. Furthermore, Giil
and Aydogdu [66] detailed the axial vibration signatures of viscoelastic fiber-reinforced composite nanorods
subjected to external damping, again framing their analysis within NET. Deepening the thermodynamic per-
spective within these size-dependent formulations, Youssef and Alharbi [67] explored the vibrational response
of nanobeams under generalized thermoviscoelasticity. Similarly, Abouelregal et al. [68] captured the ther-
moelectric interactions in viscoelastic microbeams using the size-dependent couple stress model. To account
for more complex time-dependent phenomena, Shi and Ma [69] incorporated fractional viscoelasticity and
memory effects to assess the magneto-thermoelastic dynamics of rotating nanobeams within a nonlocal frame-
work. Finally, transitioning from one-dimensional elements to two-dimensional biological composites, Moradi
et al. [70] evaluated the critical damping and vibrational characteristics of nonlocal lipid/graphene sandwich
nanoplates coupled with viscoelastic features.

Presenting a novel perspective, the current study explores the axial vibration characteristics of particle-
reinforced nanocomposite structures, integrating the Kelvin—Voigt model to accurately capture the material’s
intrinsic viscoelastic damping. To account for phenomena occurring at the nanoscale, size effects are embedded
into the mathematical framework via the well-established nonlocal elasticity theory (NET). A key departure
from the standard rigid-end postulates dominant in existing literature is the implementation of elastic boundary
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Fig. 2 Homogeneous distributed nanoparticles in matrix

conditions and lumped mass ends, which realistically simulate flexibility at the supports and models attached
elemental masses. The study provides closed-form solutions tailored to these compliant boundaries and sub-
sequently extracts the system’s vibration frequencies and damping ratios. This comprehensive methodology
is expected to establish a theoretical foundation for elucidating the synergistic interaction between particle
reinforcement and internal damping, serving as a critical asset in the advanced design of precision nanosensors
and NEMS architectures.

2 Particle-reinforced composite material model

In this study, the effective mechanical properties of the particle-reinforced nanocomposite are determined
utilizing the Mori—Tanaka model. Although various alternative micromechanical approaches have been recently
proposed in the literature [71, 72], the Mori-Tanaka method remains the fundamental cornerstone from which
the majority of these modern adaptations are derived. A schematic representation of the two-phase composite
structure, consisting of an isotropic matrix and homogeneously distributed spherical isotropic reinforcement
particles within this matrix, is presented in Fig. 2.

Within the framework of the Mori—Tanaka micromechanical homogenization technique, the effective bulk
modulus (K¢) and the effective shear modulus (G ¢) of the composite are expressed as follows [73, 74]:

V.(K, — K
Kc =K, + »(Kr Km_)K (1)
1+ = Vo) 1336,
V. (G, — G
1+ -V, Grm+f::

herein K,, and G,, denote the bulk and shear moduli of the matrix material, respectively, whereas K, and
G, represent the corresponding moduli for the reinforcement phase. While V, designates the volume fraction
of the reinforcement phase within the composite, the parameter f;, is a coefficient derived from the matrix
properties, calculated as follows [73, 74]:

£ Gn9K,, +8G,)
" 6Ky, +12G,,

3)

Following the determination of the effective bulk and shear moduli of the composite presented in Egs. (1)
and (2), the effective elastic modulus E. and Poisson’s ratio v, of the nanocomposite can be obtained utilizing
standard isotropic elasticity relations.

9K.G,
L= oneDe )
3K.+ G,
3K. —2G
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Fig. 3 a Effect of elastic modulus ratio and particle volume fraction on effective elastic modulus and b effect of density ratio and
particle volume fraction on composite density

Within the scope of this study, the mass density of the composite (p.) is calculated utilizing the rule of
mixtures, as expressed below [21, 22]:

e =Vepr +( = Vi)pn (6)

In Eq. (6), V; designates the volume fraction of the reinforcement phase within the composite, whereas o,
and p,, denote the mass densities of the reinforcement and matrix materials, respectively. The variations of
the effective elastic modulus and the composite density for the particle-reinforced nanocomposites, over the
parameter range considered in the current study, are depicted in Fig. 3. The parameters £, and E,, presented
herein correspond to the elastic moduli of the reinforcement and matrix materials, respectively. The matrix
material is assumed to be polyether-ether-ketone (PEEK), and its mechanical properties are therefore treated
as constant in the present study. Accordingly, the elastic modulus and mass density of the matrix are specified
as E,, =3 GPaand p,, = 1.3 g/cm3, respectively [75].

3 Deriving the governing equation

In the present study, a rod manufactured from a particle-reinforced nanocomposite material, possessing a length
of L and a uniform cross-sectional area of, is considered. Firstly, the displacements of straight axis axial rod
model, homogeneous cross section are given as follows:

ur(x,t) =ulx,t),ux(x,t) =0,u3(x,1) =0 @)

hereu(x, t),ua(x, t),and uz(x, t) are the displacements of the rod according to x-, y-, and z-axes, respectively.
Since Poisson’s effect resulting from the axial motion is neglected in the simple axial rod, lateral displacement
components u2(x, t) and u3(x, t) are defined as equal to zero. The rod undergoes solely axial vibration along
the x-axis, and the axial displacement field is denoted by u(x, #) based on the one-dimensional kinematic
model, where ¢ represents time. Under the small strain assumption, the axial strain components at any arbitrary
point along the rod are defined as follows:

ou(x,t)
Exx = —8x sExy = Eyx = Ex7 = Egx = €y = &7y = Eyy = &, =0 3

Accordingly, the dynamic equilibrium equation for an axially vibrating rod [66] can be modified for

P 2
composite rod as follows: % = p.A2 ’g(tﬁ’t).

S 40xxdx.

To account for the internal damping characteristics of the viscoelastic material, the constitutive behavior
of the composite structure can be described by the Kelvin—Voigt viscoelastic model. In this model, which
relies on the iso-strain principle, the material characteristics are modeled as a parallel spring-dashpot system.

Here, N denotes the normal axial force, expressed with N =
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Consequently, the axial stress o, within the viscoelastic rod is formulated as a function of both the strain and
the strain rate, as given below [76].
0&xx
Oxx(X,1) = Ecexx + EcreT &)
In Eq. (9), r. is referred to as the viscoelastic retardation time and is related to the material-specific
viscoelastic coefficient as .. Substituting the strain expression derived in Eq. (8) into Eq. (9), the latter can be
reformulated as follows:

0 >8u(x,t) (10)

a”(x,t)zEC<l+rea o

As previously mentioned, classical continuum mechanics proves inadequate for incorporating factors such
as size effects and atomic interactions into the mechanical models of nano- and micro-scale structures. Accord-
ing to the NET proposed by Eringen [30], the stress at any reference point in a body depends not only on the
strain at that specific point but also on the strain distribution throughout the entire domain. This phenomenon
can be expressed by the following stress—strain equation [30, 31].

N —_ ’ eoa;
o = a(|x _xl,T)SijdV’Sij :)»Srr&'j +2G8,‘j (]])
Vv

In the above equation, o™, V,E, and |x/ — x| are the nonlocal stress tensor, volume, nonlocal module, and
distance in the Euclidean form, respectively. s;; is classical stress component with respect to Lamé constants
A and G. Lastly, e is the material-dependent constant and a; is the internal characteristic length. The integral
form of the equation above is cumbersome to use in elasticity problems, and an equivalent differential form
of this integral relation, as shown below, is typically used to model different problems:

X
9x2

2o N (x,1)
TR (1) — o =y (12)

In Eq. (12), the term w denotes the nonlocal parameter, which is formulated depending on the material-
dependent constant ep and the internal characteristic length a; (u = (eoa,-)z). If the constitutive relation
presented in Eq. (10) for the Kelvin—Voigt viscoelastic model is substituted into the right-hand side of the
above equation, the nonlocal viscoelastic constitutive equation is obtained as follows:

2o N (x,1) 9\ du(x,1)
ch(x,t) - /LL - E(l +rea>T

912 (13)

By differentiating Eq. (12) with respect to the spatial coordinate x, the relationship between the variation
of stress along the rod and the spatial variations of the displacement field is obtained. Subsequently, using
the dynamic equilibrium equation, an equivalent expression is written in place of the spatial derivative of
the normal stress. In the final step, both sides of the equation are multiplied by the cross-sectional area A,
and thus, the governing differential equation describing the axial vibration behavior of the particle-reinforced
viscoelastic nanorod is derived as follows:

0%u(x,t
A u(x,r)

Pux,1) 9%u(x,1) *u(x, 1)
ax2 A B

ax2ar 0T a2 Moy 2o

Equation (14) indicates that the formulation becomes independent of size effects when the nonlocal param-
eter is zero, and reduces to a linear elastic structure when the viscoelastic parameter is omitted. Building upon
the foundational nonlocal nanorod models in the literature, the present study differentiates itself by introduc-
ing a more general and complex boundary condition framework. Specifically, it accounts for the simultaneous
attachment of a lumped mass and an elastic spring at the rod’s extremity. By combining these advanced bound-
aries with internal damping via the Kelvin—Voigt model and composite material characteristics through the
Mori—Tanaka homogenization scheme, this work provides a versatile and comprehensive dynamic framework
for particle-reinforced viscoelastic nanorods. The derived governing partial differential equation is a fourth-
order linear homogeneous equation and exhibits a separable structure. By assuming a harmonic motion, the
system can be reduced to an ordinary differential equation, the details of which, along with the resulting
characteristic equations, are comprehensively presented in the following section.

E. + E Ar, (14)
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4 Solving the governing equation

The general solution of the fourth-order governing differential equation for the axial vibration of the viscoelastic
nanorod, which incorporates nonlocal effects, can be obtained by employing the separation of variables. Let
us assume that the solution u(x, t) is constituted by the product of the separated spatial function i (x) and the
temporal function g(¢):

u(x, ) = u(x)g () 15)

Under the assumption of harmonic vibration, it is evident that the temporal component of the proposed
solution will take the form of g(r) = ¢'“’. Herein, i equals to /—1 and o denotes the natural vibration
frequency. Substituting u(x, ) and its derivatives into Eq. (14) and performing the necessary simplifications
yields an ordinary differential equation (ODE) that is dependent solely on the spatial coordinate, as follows:

d2i(x) . dax)y 5, . , d%i(x)
ECAF-'_ (,()ECAFKW +w ,OLAM(.X) — LW IOCAW =0 (]6)
Rearranging Eq. (16) according to the order of the derivatives yields:
d%i
(EcA+iwEcAr, — szpcA)% + 02 peAl(x) =0 (17)
x
Let us introduce the following non-dimensional parameters to the equation:
X 1% peAw*L?
‘i::z;an:ﬁ; 2 = CECA Y = wre (18)
In this case, the equation transforms into the following form:
d%i
(1+iy — an,Q?) d”;(;) +QYiE) =0 (19)

At this stage, to further simplify the equation, let us define a final wave number parameter and express the
equation in its simplest form:
2
P —
1+iy —a,Q?
d®i(€)
dg?

(20)

+Bi(§) =0

The general solution of this second-order linear ordinary differential equation with constant coefficients
takes the following form:

i(§) = Cycos(Bé) + Casin(BE) 1)

The coefficients C1 and C; in Eq. (21) are integration constants determined by applying the kinematic
and dynamic boundary conditions at the nanorod ends. While C is typically resolved through displacement
constraints (e.g., C1 = 0 for a clamped end), C3 is incorporated into the dynamic force equilibrium equations
to derive the characteristic equations for natural frequencies.

5 Implementing the boundary conditions

In this section, to perform the axial vibration analysis of the particle-reinforced viscoelastic nanorod, five
distinct boundary conditions: clamped—clamped (CC), clamped-free (CF), clamped-attached mass (CM),
clamped-attached spring (CS) and clamped-attached mass-spring (CMS) representing various physical sup-
port configurations are investigated. By adapting the general spatial differential equation solution derived
in Eq. (21) to the kinematic and dynamic conditions specific to each boundary condition, the characteristic
equations yielding the natural frequencies of the system are derived in an analytical and closed form.
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Fig. 4 Particle-reinforced viscoelastic nanorod with CC a and CF b boundary conditions

5.1 Clamped—clamped ends

For a nanorod clamped at both ends (CC), the boundary conditions require the axial displacement to vanish at
both extremities of the rod. The dimensionless boundary conditions for this configuration, the schematic view
of which is presented in Fig. 4a, are expressed as follows:

1(0) = 0;i(1) = 0 (22)

Applying the boundary condition at the left end (i1(0) = 0) to the general solution (Eq. 21) yields C; = 0.
When the remaining expression (&) = C; sin(8¢) is subjected to the boundary condition at the right end (it
(1) = 0) the following equality emerges: C»sin(B&) = 0. For the physical existence of vibration (i.e., a non-
trivial solution), the amplitude coefficient must be nonzero C, # 0. Consequently, the equality sin(8&) = 0
must be satisfied. The roots of this equation yield the analytical solution for the wave number (eigenvalues)
for the CC boundary condition as follows:

Bp=nm;(n=12,3...) (23)

5.2 Clamped-free ends

For the nanorod model clamped at one end and free at the other (CF), the boundary conditions prescribe zero
displacement at the left end and zero normal force (i.e., zero strain) at the right end due to the unconstrained
state. The schematic representation of this configuration is provided in Fig. 4b, and its mathematical formulation
is expressed as follows:

du(l)
e
Deriving from the clamped end condition (z2(0) = 0) C; = 0 is obtained once again. By taking the first

spatial derivative of the solution function and substituting it into the force boundary condition at the right
extremity:

11(0) = 0 0 (24)

Capcos(B) =0 (25)

Based on the requirement for a non-trivial solution (Cy # 0 and 8 # 0), the roots will be governed by the
equation cos(f) = 0. Thus, the analytical wave number series (eigenvalues) for the CF boundary condition is
obtained as follows:

2n—1)

b4
By = > n=12,3...) (26)
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Fig. 5 Particle-reinforced viscoelastic nanorod with CM a and CS b boundary conditions

5.3 Clamped-lumped mass ends

The schematic representation of the configuration, frequently encountered in practical nanoresonator and mass
sensor applications, where the left end is clamped and the right extremity is constrained by a lumped mass, is
presented in Fig. 5Sa. The dynamic boundary conditions for this system are as follows:

10) = 0; N(1) = —Zii(1) (27)

herein letting Mr = pZ"/fL denote the dimensionless mass parameter representing the lumped mass (my),
the dimensionless dynamic end impedance encompasses solely the inertial effect and is formulated as Z =
— Mz, Substituting the dimensionless axial force () expression into the tip boundary condition N (£)

A d:é(;) (where A = 1 +iy — a,Q? designates the effective dynamic stiffness parameter).

ABCacos(B) = —(—Mgr?)Casin(B) (28)

Upon rearranging the equation, the closed-form characteristic equation for the CM boundary condition is
derived as follows:

ABcos(B) — Mr€2sin(B) = 0 (29)

5.4 Clamped-spring ends

To idealize the interaction of the free end of the nanorod with an elastic medium or an adjacent microcomponent,
the clamped-spring boundary condition is established by attaching an elastic spring to the right extremity, as
illustrated in Fig. 5b.

The clamped condition at the left end yields C; = 0’dir. The contribution of the spring component with axial
stiffness k at the right end is incorporated into the system through the dimensionless spring stiffness parameter
Kr = é‘TL, which reflects upon the dynamic end impedance as Z = K g. Consequently, the boundary condition

assumes the following form: N (1) = Kgu(1). Substituting the general spatial solution into this dynamic force
equilibrium at the right extremity yields the following equality:

ABCacos(B) = —(KRr)Casin(f) (30)

Upon simplification of this equation, the characteristic equation for the CS boundary condition is formulated
as follows:

ABcos(B) + Kgsin(B) =0 (31)
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Fig. 6 Particle-reinforced viscoelastic nanorod with CMS boundary conditions

Table 1 Validation for classical boundary conditions (CC, CF)

Boundary condition Mode number a, =0 a, = 0.1 a, =0.2

Ref. [56] This study Ref. [56] This study Ref. [56] This study

cC 1 3.14159 3.14159 2.99717 2.99717 2.66009 2.66009
2 6.28319 6.28318 5.32018 5.32018 3.91239 3.91239
3 9.42478 9.42478 6.85867 6.85867 4.41692 4.41692
CF 1 1.57080 1.57080 1.55177 1.55177 1.49858 1.49858
2 4.71239 4.71239 4.26279 4.26279 3.42933 3.42933
3 7.85398 7.85398 6.17668 6.17668 421782 4.21782

5.5 Clamped-lumped mass-spring ends

The most general coupled boundary condition (clamped-mass-spring), wherein both a lumped mass (e.g., a
targeted biomolecule) and an elastic constraint (e.g., an interaction with medium or an elastic support) are
concurrently present at the right extremity of the nanorod, is illustrated in Fig. 6.

For this complex configuration, the left end is clamped (C; = 0), and the right end impedance is defined
to incorporate both the mass and spring effects as Z = Kz — MzQ?. When the force equilibrium at the
right extremity is expressed as N(1) = —(K R — Mg Qz)ﬁ(l) and the solution emerging from the right end u
(&) = Cysin(BE) is applied, the equation is formulated as follows:

ABCyecos(B) = —(Kg — MRQZ)Czsin(ﬁ) (32)

Upon performing the necessary mathematical rearrangements, the universal characteristic equation for the
CMS boundary condition is derived as follows:

ABcos(B) + (Kgr — Mr2*)sin(B) = 0 (33)

It is noteworthy that this characteristic equation presents a general formulation that encompasses the other
configurations introduced in the preceding sections; it reduces to the CS condition for Mg = 0, the CM
condition for Kg = 0, and naturally evolves into the CF characteristic equation when both parameters vanish
(Mg =0; Kg =0).

Due to the viscoelastic material properties, all the presented characteristic equations possess complex
roots; the real parts of the €2 values obtained from their solution will yield the dimensionless damped natural
frequency of the system, whereas the imaginary parts will reflect the viscoelastic damping characteristics. In
other words, while the real components determine the oscillation rate of the system, the imaginary components
represent the damping capacity, indicating how effectively the material dissipates these vibrations.
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Table 2 Validation for non-classical boundary conditions (CM, CS, CMS)
Boundary condition Mode number a, =0 a, = 0.25
Ref. [56] This study Ref. [56] This study
CM 1 0.86033 0.86033 0.84109 0.84110
(Mg =1 2 3.42562 3.42562 2.60187 2.60187
3 6.43730 6.43730 3.39751 3.39751
CS 1 2.02876 2.02876 1.86965 1.86965
2 491318 491318 3.16813 3.16813
(Kr=1) 3 7.97867 7.97866 3.61358 3.61359
CMS 1 1.20779 1.20779 1.18033 1.18033
2 3.44824 3.44824 2.61994 2.61994
(Mr=Kr=1) 3 6.44095 6.44095 3.39956 3.39956

5.6 Deriving the complex roots of the eigenvalue problem

The characteristic equation derived in the preceding sections assumes the form of a nonlinear transcendental
equation with complex variables due to the inherent viscoelastic damping effect within the structure. This
necessitates seeking the frequency parameter as a complex eigenvalue in the form of Q = Qge +i Q. Herein,
QRe represents the real part of the eigenvalue, whereas Qpy, denotes the imaginary part of the roots. Since
the analytical solution of such complex and transcendental equations is not feasible, high-precision numerical
optimization algorithms are employed for the determination of the roots. To mitigate the risk of convergence
issues or missing roots associated with direct iterative methods (e.g., pure Newton—Raphson) in such complex
problems, a grid search strategy in the complex plane is primarily implemented. Within the defined physical
boundaries, the absolute value of the characteristic equation determinant D|2| is evaluated over a high-
resolution two-dimensional mesh generated along the Qg and Q2 axes. As observed in the determinant
surface plot in the complex plane presented in Fig. 7 the valley or basin points where the surface scanned
via grid search approaches zero indicate the estimated root regions satisfying the equation. The surface plot
is presented for illustrative purposes to visually verify the distribution of the roots corresponding to different
modes of the system in the complex plane and to elucidate the damping—frequency relationship.
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Table 3 Comparison of the first three dimensionless complex frequencies for a clamped—clamped viscoelastic nanorod

oy, Mode number Y Ref. [61] This study
Qe Qm QRe Qpm
0.1 1 0 2.997 0.000 2.997 0.000
0.01 2.996 0.045 2.997 0.045
0.02 2.995 0.090 2.996 0.090
0.03 2.994 0.135 2.994 0.135
0.04 2.991 0.180 2.992 0.180
0.05 2.988 0.224 2.989 0.225
0.1 2 0 5.320 0.000 5.320 0.000
0.01 5.318 0.141 5.318 0.142
0.02 5.312 0.283 5.313 0.283
0.03 5.303 0.424 5.303 0.425
0.04 5.290 0.566 5.290 0.566
0.05 5.273 0.707 5.273 0.708
0.1 3 0 6.858 0.000 6.859 0.000
0.01 6.854 0.235 6.855 0.235
0.02 6.842 0.470 6.843 0.470
0.03 6.822 0.706 6.822 0.706
0.04 6.794 0.941 6.794 0.941
0.05 6.757 1.176 6.757 1.176
0.1732 1 0 2.759 0.000 2.760 0.000
0.01 2.759 0.038 2.759 0.038
0.02 2.758 0.076 2.758 0.076
0.03 2.757 0.114 2.757 0.114
0.04 2.755 0.152 2.755 0.152
0.05 2.753 0.190 2.753 0.190
0.1732 2 0 4.251 0.000 4.251 0.000
0.01 4.250 0.090 4.250 0.090
0.02 4.247 0.181 4.247 0.181
0.03 4.242 0.271 4.243 0.271
0.04 4.236 0.361 4.236 0.361
0.05 4.227 0.452 4.227 0.452
0.1732 3 0 4.923 0.000 4.923 0.000
0.01 4.922 0.121 4.922 0.121
0.02 4917 0.242 4917 0.242
0.03 4910 0.364 4910 0.364
0.04 4.899 0.485 4.899 0.485
0.05 4.886 0.606 4.886 0.606
0.2236 1 0 2.571 0.000 2.571 0.000
0.01 2.570 0.033 2.570 0.033
0.02 2.570 0.066 2.570 0.066
0.03 2.569 0.099 2.569 0.099
0.04 2.567 0.132 2.567 0.132
0.05 2.565 0.165 2.565 0.165
0.2236 2 0 3.643 0.000 3.643 0.000
0.01 3.643 0.066 3.643 0.066
0.02 3.641 0.133 3.641 0.133
0.03 3.638 0.199 3.638 0.199
0.04 3.634 0.265 3.634 0.266
0.05 3.628 0.332 3.628 0.332
0.2236 3 0 4.040 0.000 4.040 0.000
0.01 4.040 0.082 4.040 0.082
0.02 4.037 0.163 4.037 0.163
0.03 4.033 0.245 4.033 0.245
0.04 4.027 0.326 4.027 0.326
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Fig. 8 Effect of particle volume fraction on axial vibration frequency for CC and CF boundary conditions

6 Validation

In Tables 1 and 2, the dimensionless frequency values reported in reference studies for mass-loaded end con-
figurations are compared with the first three modal frequencies obtained utilizing the methodology employed
in the current study. In these comparisons, the effect of viscoelasticity and reinforcement are disregarded, and
the results corresponding to various values of the nonlocal parameter are tabulated.

To verify the accuracy of the proposed model for the viscoelastic damping case, a comparison study is
conducted. The real and imaginary parts of the dimensionless frequencies for the first three modes are pre-
sented under the clamped—clamped (CC) boundary condition, considering various values of the dimensionless
nonlocal and viscoelastic parameters. The results obtained from the present analytical formulation are com-
pared with those reported by Kadioglu and Yayli [61]. The results presented in this comparison illustrate the
vibration of viscoelastic nanorods made of a metallic component. As presented in Table 3, the dimensionless
frequencies calculated in this study are in excellent agreement with the reference results, thereby validating
the reliability and precision of the current mathematical framework in capturing the dynamic behavior of
viscoelastic metallic nanorods.

As can be observed from Tables 1, 2, and 3, the results obtained via the employed root-finding algorithm
are in excellent agreement with the nonlocal dimensionless frequencies reported in the literature for the elastic
case under various boundary conditions.
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Fig. 9 Effect of E; on axial vibration frequency for CC and CF boundary conditions

Table 4 Comparison of the first three dimensionless complex frequencies for a clamped—clamped viscoelastic nanorod

Mode number 1 2 3

Kg Mg QRe Qm QRe Qim QRe Qim
0.00 0.00 2.18548 0.17008 5.88343 1.28348 8.29890 2.69471
0.00 1.00 1.20976 0.05190 4.51751 0.74181 7.36095 2.06938
0.00 2.00 0.92039 0.03002 4.36325 0.69073 7.30425 2.03495
0.00 3.00 0.77150 0.02108 4.30678 0.67252 7.28469 2.02316
1.00 0.00 2.82408 0.19170 6.14505 1.28995 8.44413 2.69764
2.00 0.00 3.18151 0.23511 6.36792 1.31599 8.57963 2.71209
3.00 0.00 3.40465 0.28123 6.54728 1.36030 8.69979 2.74235
1.00 1.00 1.69908 0.05273 4.54824 0.74107 7.36548 2.06931
1.00 2.00 1.29901 0.03016 4.37253 0.69060 7.30545 2.03494
1.00 3.00 1.09009 0.02113 431116 0.67247 7.28523 2.02316
2.00 1.00 2.06426 0.05562 4.58323 0.73853 7.37026 2.06907
2.00 2.00 1.58722 0.03064 4.38264 0.69016 7.30668 2.03491
2.00 3.00 1.33363 0.02129 4.31580 0.67233 7.28578 2.02314
3.00 1.00 2.36215 0.06110 4.62297 0.73363 7.37529 2.06862
3.00 2.00 1.82801 0.03154 4.39363 0.68933 7.30793 2.03485
3.00 3.00 1.53814 0.02157 4.32076 0.67208 7.28635 2.02313
Kr — o0 0.00 4.18611 0.63449 7.24473 1.99920 9.10131 3.32263
0.00 Mpr — o0 4.18611 0.63449 7.24473 1.99920 9.10131 3.32263
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Fig. 10 Effect of /%, on axial vibration frequency for CC and CF boundary conditions

7 Results for viscoelastic particle-reinforced nanorod

Within the scope of the present study, the axial vibration frequencies of particle-reinforced nanocomposite
rods are investigated, and the obtained results are presented under this section. The elastic and characteristic
properties of the matrix material are maintained constant, under the assumption that the matrix is composed of
polyether-ether-ketone (PEEK). Accordingly, the elastic modulus and the mass density of the matrix are kept
constant at E,, = 3 GPaand p,, = 1.3 g/cm? [75], respectively, throughout the study. Furthermore, the length
of the nanorod is assumed to be constant at L = 10 nm. Unless otherwise specified, the parameters other than

the one under observation are kept constant as follows: % =100, & =2.0,a, = 0.1,y = 0.1. It should also

be emphasized that the condition a,, = 0 reduces the formulation to the classical elasticity theory, whereas
the condition y = 0 reduces the solutions to the elastic material assumption. However, since performing the
computations and generating the graphs in a fully dimensionless form would hinder the observation of the
individual effects of the material parameters, a secondary non-dimensionalization procedure compatible with
the matrix properties, as defined below, has been implemented, and the results are presented accordingly.

Pm.
Ey

Q=owL (34)
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Fig. 11 Effect of a,, on the first axial vibration frequency for CC and CF boundary conditions

7.1 Classical boundary conditions (CC and CF)

Figure 8 presents the natural vibration frequencies of the first three modes obtained at various reinforcement
contents V; for the CC and CF boundary conditions. As the composite structure becomes more rigid at higher
reinforcement contents, an increase is observed in the natural vibration frequencies of the viscoelastic rod,
taking nonlocal effects into account. Compared to the natural vibration frequencies calculated solely for the
homogeneous matrix material (V; = 0), the frequencies exhibit an increase of 5.60%, 12.05%, 19.83%,
29.28%, and 41.26% for composites containing particle reinforcement volume fractions of 0.10, 0.20, 0.30,
0.40, and 0.50, respectively. These increments are valid for both the real and imaginary parts of the frequencies.
Furthermore, it is observed that this increase is independent of the mode number and boundary conditions.
Figure 9 presents the real and imaginary parts of the natural vibration frequencies obtained at various
5—; ratios and reinforcement contents under the CC and CF boundary conditions. Consistent with the pre-
vious analysis, an increase in the natural vibration frequencies is observed in tandem with the increment in
reinforcement content. Furthermore, an increase in frequencies occurs as the ’ ratio increases at different
reinforcement contents; however, this enhancement remains qulte limited compared to the variation induced

by the reinforcement content. For instance, composites with £ +#= = 100 and a reinforcement volume fraction of

0.50 possess a 5.22% higher natural vibration frequency than composites with 1% = 20 and the same volume

fraction. As the reinforcement content decreases, this discrepancy diminishes to even more limited levels.
This indicates that within the investigated range, the reinforcement content is a more dominant parameter on

the natural vibration frequencies compared to the == E ratio. Compared to nanorods composed of the homo-
geneous matrix material, the frequencies increase by 34.25% in composites containing g—’ = 20 and a 0.50

reinforcement volume fraction, whereas this increment is 41.26% for % = 100. These ratios are identical
across different rigid boundary conditions.
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Fig. 12 Effect of @, on the second axial vibration frequency for CC and CF boundary conditions

Figure 10 illustrates the impact of varying density ratios ;’—; on the fundamental vibration frequencies at
different reinforcement contents. An increase in the mass per unit volume of the reinforcement phase elevates
the total mass of the system, thereby causing a reduction in the natural vibration frequencies. The elevation
of the p—; ratio from 1.25 to 2.50 induces a 24.69% decrement in the frequencies at a reinforcement volume
fraction of 0.50. The corresponding reduction stands at 16.19% for a volume fraction of 0.30. This observation
demonstrates that the influence of the density ratio diminishes as the reinforcement volume fraction decreases.

The value of the nonlocal parameter varies depending on the material’s microstructural properties. However,
there is no universally accepted fixed value for the nonlocal parameter in the literature for every given material
and this parameter is typically determined using experimental data, atomistic models, or molecular dynamics
simulations. Therefore, to elucidate the role of small-scale effects on structural behavior, the nonlocal parameter
is treated as a variable in this study. The dynamic responses of particle-reinforced viscoelastic nanorods are
evaluated comparatively for different nonlocal parameter values. Figure 11 evaluates the combined effects of the
reinforcement contents and the variation of the dimensionless nonlocal parameter on the first natural frequency
under different boundary conditions. While the influence of the nonlocal parameter on the frequencies remains
limited at lower levels, its softening effects become pronounced as the parameter increases. For the first mode
under the CC boundary condition, compared to the classical theory, the frequencies decrease by 1.18%, 4.49%,
9.33%, 15.02%, and 20.90% for nonlocal parameter values of a,= 0.05, 0.10, 0.15, 0.20, and 0.25, respectively.
Under the CF boundary condition, however, this reduction remains more constrained.

Comparing the second modal frequencies under the CC boundary condition presented in Fig. 12, it is
evident that the influence of the nonlocal parameter becomes more pronounced at elevated modes. At identical
reinforcement phase contents, the frequencies decrease by 4.13%, 14.02%, 25.38%, 35.68%, and 44.24%
compared to the classical theory for parameter values of 0.05, 0.10, 0.15, 0.20, and 0.25, respectively. Moving
to the CF boundary condition, this reduction remains at a more limited level, analogous to the observation in
the first mode; for nonlocal parameter values of 0.05, 0.10, 0.15, 0.20, and 0.25, the frequencies experience
decrements of 1.93%, 6.95%, 13.47%, 20.14%, and 26.25%, respectively.
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Fig. 13 Effect of @, on the third axial vibration frequency for CC and CF boundary conditions

Regarding the frequencies pertaining to the third mode presented in Fig. 13, under the CC boundary condi-
tion at equivalent reinforcement contents, the frequencies decline by 10.07%, 31.35%, 51.56%, 67.14%, and
78.68% for nonlocal parameter values of 0.05, 0.10, 0.15, 0.20, and 0.25, respectively. Under the CF boundary
condition, the natural frequencies belonging to the third mode decrease by 7.01%, 22.60%, 38.68%, 51.97%,
and 62.29% compared to the classical theory for the corresponding nonlocal parameter values. Thus, the dom-
inant softening effect of the nonlocal parameter at higher modes is explicitly demonstrated. Furthermore, it is
deduced that nonlocal effects play a more critical role under the CC boundary condition.

In Fig. 14, the fundamental angular vibration frequencies of the composite rods are computed at various
dimensionless viscous parameters and reinforcement contents. Herein, the existence of the following relation-
ship between the real frequencies obtained from the elastic material Q¢jagic, and the real and imaginary parts
of the frequencies obtained from the viscoelastic nanorods should be established:

Qelastic = \V Qch + lem (35)

here the expressions Qre and 2y represent the real and imaginary parts of the angular natural vibration
frequencies of the viscoelastic nanorod, respectively. An increase in the viscoelastic parameter induces a
reduction in the real frequencies while concurrently elevating the imaginary parts. This observation signifies
that the wave attenuation capacity of the viscoelastic material is enhanced. Under the CC boundary condition,
within the range of y = 0.05 — 0.25, the real frequencies decrease between 0.28 and 7.28% compared to the
elastic case, whereas under the CF boundary condition, this reduction reaches a maximum level of 1.90%.

Furthermore, Fig. 15 examines the combined effect of the g—’ ratio and the viscoelastic parameter. While
m
maintaining the % ratio constant, an increment in the viscoelastic parameter induces reductions in the natural

vibration frequencies on the order of approximately 7% under the CC boundary condition, whereas this
difference remains confined to the 1% level under the CF boundary condition.
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Figure 16 investigates the combined effect of the dimensionless nonlocal parameter (a,,) and the viscoelastic
parameter (y). While holding the viscoelastic parameter constant, an increment in the nonlocal parameter leads
to a reduction in the frequencies. In instances of high viscoelasticity, the frequency reduction induced by the
increment of the nonlocal parameter remains relatively constrained, whereas more pronounced decrements
are observed in the elastic state. Under the CC boundary condition, for a constant viscoelastic parameter,
an augmentation in the dimensionless nonlocal parameter diminishes the stiffness of the system, thereby
causing a decline in the frequencies. At elevated levels of viscoelasticity, the frequency drops associated
with an increasing nonlocal parameter are confined to more limited margins; conversely, sharper reductions
are evident for nanorods exhibiting low viscoelasticity or perfectly elastic behavior. For instance, when the
viscoelastic parameter is 0.25, the fundamental frequencies at a nonlocal parameter of 0.25 are 18.67% lower
compared to the classical case where the nonlocal parameter vanishes (a,, = 0). In contrast, for the elastic case
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Fig. 20 Effect of K on axial vibration frequency of viscoelastic nanorod

(i.e., when the viscoelastic parameter is zero), this reduction is on the order of 21.36%. A similar behavioral
trend is observed under the CF boundary condition, although the variations occur within a more restricted range
compared to the CC configuration. By way of illustration, for a viscoelastic parameter of 0.25, the fundamental
frequencies at a nonlocal parameter of 0.25 decrease by 6.67% relative to the classical case devoid of nonlocal
effects, whereas in the elastic state (y = 0), this decrement stands at approximately 6.91%.

Figure 17 illustrates the combined effect of the nonlocal parameter and the density ratio p—;. The softening
effect induced by the increment in the nonlocal parameter is distinctly pronounced, and the augmentation in the
density ratio elevates the overall mass of the system, thereby resulting in a reduction of the frequencies. These
variations are observed to be more prominent under the CC boundary condition. Furthermore, Fig. 18 examines
the combined influence of the viscoelastic parameter and the density ratio. An increment in the density ratio
brings about a decline in the fundamental frequencies across all levels of the viscoelastic parameter.

7.2 Clamped, spring, and lumped mass-attached boundary conditions (CS, CM, CMS)

In this section, for the case where the dimensionless nonlocal parameter (a, = 0.10) and the viscoelastic
damping coefficient (y = 0.10) are assumed to be constant, the effects of the reinforcement phase volume
fraction within the composite structure (V,.), the dimensionless lumped mass attached to the right end (Mp),
and the dimensionless spring stiffness (K g) on the complex natural vibration frequencies of the system are
investigated. To observe the interactions at the physical boundary conditions more clearly, the results are
presented in Figs. 19, 20, and 21 for cases with solely an attached mass (CM), solely an attached spring (CS),
and a mass-spring combination (CMS), taking into account the variation of the reinforcement ratio (V,) on
the horizontal axis. In all scenarios, the increment of V, generally elevates both the real (2g.) and imaginary
(R21n) frequency components. This is attributed to the fact that the highly rigid nano-reinforcement elements
embedded into the matrix enhance the total effective stiffness of the system. The characteristic effects of the
boundary conditions are detailed below:

7.2.1 Analyses for the case with only a tip mass (CM)

The analyses pertaining to the configuration where no spring is present at the right end (Kg = 0) and the
lumped mass (Mg) is varied are depicted in Fig. 19. In the limiting case (Mg — 0), the system converges
to the classical clamped-free (CF) boundary conditions. An increase in the amount of lumped mass attached
to the tip amplifies the inertial effect at that point, thereby reducing the vibration frequencies of the rod. For
instance, in the case of a pure polymer matrix where no reinforcement phase has yet been introduced (V, = 0),
the real frequency value of the rod without a tip mass (Mg = 0) is 1.547; however, when the mass parameter
is raised to the Mr = 3 level, this value drops to 0.546, exhibiting a pronounced decrement of approximately
64.7%. When the imaginary frequency components are examined, it is determined that the inertial increase
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at the tip attenuates the damping capability of the system. It is observed that this ratio is independent of the
reinforcement content.

7.2.2 Analyses for the case with only an axial spring (CS)

The results for the case where solely the axial linear spring is effective (Mr = 0) are presented in Fig. 20.
Theoretically, as the spring stiffness approaches infinity(Kg — 00), the system reverts to the clamped—clamped
(CC) condition. Contrary to the mass, the linear spring attached to the system generates a structural resistance
at the boundary point, thereby increasing the total effective stiffness and elevating the natural frequencies.
Taking the Kr = O initial state as a baseline, the real frequency value, which is 1.547 for V, = 0, reaches
2.410 at the Kg = 3 level, exhibiting an increment of approximately 55.8%. Additionally, this increase in
spring stiffness leads to an augmentation in the imaginary component, indicating that the boundary stiffness
and the viscoelastic characteristic mutually support one another.

7.2.3 Analyses for the complex mass-spring case (CMS)

The results pertaining to the complex configurations where both the spring and the mass are simultaneously
present at the right end (CMS) are presented in Fig. 21. In this configuration, the stiffening tendency of the
spring and the frequency-lowering inertial effects of the mass compete with each other. However, the results
reveal that even at high spring stiffness levels, the frequency-reducing effect of the mass increment (inertial
force) is highly dominant. For instance, at a relatively rigid boundary support such as Kg = 3 and in the pure
matrix state (V, = 0), the real frequency of 2.410 obtained when there is no tip mass (Mg = 0) drops to
1.08884 when a mass of Mg = 3 is attached to the same spring, experiencing a reduction of approximately
54.8%. Nevertheless, this drastic drop can be partially compensated by the reinforcement phase added to the
composite structure and the enhancement of the boundary spring. Even in the case of the heaviest tip mass
attachment (Mg = 3), elevating the spring stiffness from Kz = 1 to K = 3 raises the real frequencies from
0.77169 to 1.08884, providing an improvement of 41.10%. Similarly, increasing the reinforcement content
imparts additional inherent stiffness to the system. For example, in the case of Mgp = Kr = 3, the real
frequency value, which is 1.08884 for the nanorod composed entirely of the homogeneous matrix (V, = 0), is
observed as 1.538140 for the rod with a 50% reinforcement content (V, = 0.50), indicating an increment of
41.26%.

To provide a quantitative summary of the combined influence of the attached mass and spring parameters
on the damped natural frequencies at a fixed reinforcement level, the first dimensionless complex frequency
values obtained for the particle-reinforced viscoelastic nanorod with a particle volume fraction of V,, = 0.50
are listed in Table 4. Remaining parameters are held constant at g—,; = 100, % =2.0,a, =0.1,y =0.1. The
case Kr = Mpr = 0 corresponds to the classical clamped-free (CF) configuration, while the remaining rows
refer to clamped-mass (CM), clamped-spring (CS), and clamped-mass-spring (CMS) boundary conditions as
analyzed in Sect. 7.2. In the limiting cases, Kg — oo and Mg — oo recover the clamped—clamped (CC)
boundary condition.

8 Conclusion

In this study, the axial vibration behaviors of particle-reinforced viscoelastic nanorods are comprehensively
investigated within the framework of Eringen’s nonlocal elasticity theory and the Kelvin—Voigt viscoelastic
damping model. The effective material properties of the composite nanorod are modeled utilizing the Mori—
Tanaka homogenization scheme. The complex natural vibration frequencies of the system are analytically
formulated and obtained via a high-precision numerical root-finding algorithm under classical, mass-attached
(CM), spring-attached (CS), and complex mass-spring-attached (CMS) boundary conditions. The principal
findings derived from the conducted parametric analyses are summarized below:

e Effect of reinforcement content An increase in the volume fraction of the particle reinforcement embedded
within the matrix significantly enhances the effective stiffness of the system (stiffening effect), thereby
leading to an elevation in the natural vibration frequencies.

e Effect of the nonlocal parameter The increment of the nonlocal parameter induces a softening effect on the
nanorod structure, resulting in a reduction in the frequencies. This effect is determined to be substantially
more dominant at higher vibration modes and under the clamped—clamped (CC) boundary condition.
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e Effect of viscoelasticity An augmentation in the viscoelastic damping parameter causes a decrease in the real
parts of the natural frequencies while concurrently elevating the imaginary parts (damping characteristics).
This phenomenon is directly associated with the enhanced wave attenuation capacity of the viscoelastic
material.

e Effect of the density ratio An increase in the density ratio of the reinforcement phase relative to the matrix
elevates the total inertia of the system, consequently leading to a decline in the natural frequencies.

e Boundary conditions and interactions While an attached tip mass amplifies the inertial effects and low-
ers the frequencies, an elastic spring generates structural resistance and raises the frequencies. In com-
plex configurations where both mass and spring are simultaneously present (CMYS), it is revealed that the
frequency-reducing effect of the mass increment remains highly dominant even at elevated spring stiffness
levels.

These obtained analytical and numerical findings provide a robust theoretical foundation for the dynamic
analysis and design optimization of next-generation nano-electro-mechanical systems (NEMS), dampers,
nanoresonators, and high-precision mass sensors.
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