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Abstract

The present research focuses on the longitudinal vibration analysis of a microbar resting on an elastic foundation, incor-
porating deformable (spring-based) boundary conditions. The material is modeled as functionally graded in two spatial
directions. The governing equation for the axial vibration of the microbar is derived using the Hamilton’s principle and
the Aifantis strain gradient theory, which captures small-scale effects. Using the resulting governing and force boundary
equations, an eigenvalue problem is constructed, and the roots of this problem yield the axial vibration frequencies. The
main novelty of this study lies in the development of a unified and generalized formulation that simultaneously accounts
for bi-directional grading, deformable boundary conditions, elastic foundation interaction, and strain gradient elasticity
within a single eigenvalue framework. Unlike most existing studies, which often assume idealized boundary conditions,
the proposed approach allows general boundary conditions to be modeled simply by adjusting spring parameters. The
model is validated through comparisons and convergence studies, and the effects of material gradation, scale parameter,
elastic foundation, geometric properties, and spring stiffness are thoroughly examined.

Keywords Strain gradient theory - Bi-directionally functionally graded microbar - Longitudinal vibration - Elastic
foundation - Deformable boundary conditions

1 Introduction

Functionally graded (FG) materials, which have attracted
increasing interest in engineering and materials science in
recent years, are advanced composite systems that exhibit
continuously varying physical or chemical properties across
their components. These structures, which are obtained
through the controlled modification of material composition
or microstructural arrangement in a specific direction, offer
material systems that exhibit improved mechanical, thermal
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and electrical performance. This characteristic offers signifi-
cant advantages for improving the performance of structural
elements and has increased interest in these materials across
various engineering applications. In particular, advances in
nanotechnology have brought the design and application of
FG materials at the nanoscale to the forefront [1]. FG struc-
tures, which allow for precise control over material distribu-
tion, pave the way for the development of multifunctional
micro/nano systems. However, producing such structures
at the nanoscale poses serious technical challenges, as it
requires high precision and complex manufacturing pro-
cesses. To overcome these challenges, micro- and nano-
scale additive manufacturing (AM) techniques, developed
in recent years, offer remarkable potential—especially for
the fabrication of multi-material structures [2, 3]. Thanks
to these advances, FG materials can now be used in a wide
range of applications, including medical implants [4, 5],
actuators [6], concrete [7-9], and chemical sensors [10].
Nevertheless, understanding the static and dynamic
response of FG materials at the micro and nano scale remains
challenging due to size-dependent behaviors and complex
structural characteristics. Since conducting experiments at
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the nano scale is technically difficult and time-consuming,
researchers often rely on advanced theoretical models to
study and predict the behavior of nanomaterials under
static and dynamic loading. To support this theoretical
approach, the static and dynamic behavior of nanostruc-
tures has been widely analyzed using advanced continuum
theories that account for size-dependent effects and com-
plex material behavior. Among these, various forms of
strain gradient theory have played a key role in captur-
ing small-scale effects often neglected by classical models
and in improving the modeling accuracy of nanostructures
under both static and dynamic loading conditions. Nota-
ble examples include the classical strain gradient theory
(SGT) proposed by Aifantis [11, 12], the nonlocal strain
gradient theory (NSGT) introduced by Lim et al. [13], and
the modified strain gradient theory (MSGT) developed by
Lam et al. [14]. The SGT reflects a hardening behavior,
which results in increased natural frequencies and critical
buckling loads, along with reduced bending deformation.
In contrast, the NSGT can represent both hardening and
softening effects; in this theory, higher values of the nonlo-
cal parameter tend to lower the natural frequencies, while
greater material length scale parameters (MLSPs) lead to
an increase. Additionally, the MSGT (or Lam strain gradi-
ent theory) introduces three independent MLSPs, offering
a more refined modeling capability compared to classical
approaches. In this context, the free transverse vibration
analyses of various structures have been presented in the
literature by researchers, including: a FG nanobeam with
a tip nanoparticle and nonlinear/linear spring constraints
using the SGT [15]; a FG-porous microbeam under ther-
mal effects using the MSGT [16]; fluid-conveying nano-
tubes analyzed using the SGT combined with inertia
gradients [17]; Timoshenko microbeams based on MSGT
and von Kérman theory [18]; and beams subjected to ther-
mal effects using the SGT [19]. Moreover, other studies
have further investigated the transverse vibration charac-
teristics of micro/nanostructures [20-23], enriching the
overall understanding of their dynamic behavior.

In addition, these theories are also frequently employed
in buckling and bending analyses. In this context, several
studies have been presented in the literature, including:
buckling analysis of FG microbeams based on MSGT [24];
thermally affected microbeams analyzed using MSGT
[25]; axially loaded cantilever nanobeams with interme-
diate supports using SGT [26]; gradient elastic beams
modeled using SGT and finite element methods [27]; and
finally, a generally supported microbeam based on sur-
face energy—enhanced SGT [28]. Furthermore, several
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investigations have been conducted within the framework
of MSGT, focusing on the bending response of various
micro/nanostructures. These include: single-walled carbon
nanotubes (CNTs) within an elastic medium [29]; micro-
beams analyzed using MSGT [30]; simply supported FG
microbeams interacting with a Winkler—Pasternak founda-
tion framework based on MSGT [31]; and FG microbeams
under simply supported conditions and placed in a Win-
kler-type elastic media examined through MSGT-based
modeling approaches [32]. Moreover, Akgdz and Civalek
[33] analyzed the buckling of nonhomogeneous, tapered
FG microbeams using MSGT. In addition to the aforemen-
tioned studies, several works have focused on both the
bending and vibration behaviors of micro/nanostructures
[34-38], while others have provided a more comprehen-
sive investigation encompassing bending, vibration, and
buckling analyses within unified theoretical frameworks
[39-44].

In addition to bending, buckling, and transverse vibra-
tion, these theories are also frequently used to analyze tor-
sional and longitudinal vibrations of micro- and nanoscale
structures. Within this context, Barretta et al. [45] studied
the torsional oscillations of FG nanobeams using nonlocal
Lam’s strain gradient theory (NL-LSGT). In the following
studies, Kafkas et al. [46] explored torsional oscillations of
a FG circular nanobeam with both ends constrained by tor-
sion springs, while Akpinar et al. [47] studied the torsional
oscillations of a porous nanorod under similar boundary
conditions, based on the NL-LSGT. Noroozi et al. [48]
presented the torsional vibration analysis of a nonlinear
bi-directional functionally graded (BD-FG) nano-cone,
while Guo et al. [49] studied the torsional oscillations of
a CNT, taking into account the axial velocity and velocity
gradient effects based on the NSGT. Uzun et al. [50] stud-
ied the torsional oscillations of FG-porous nanotubes with
deformable springs at both ends based on MSGT. Similar
to these works, other studies can also be found in the litera-
ture that investigate the torsional vibrations of nano/micro
structures using different strain gradient theories [51-56].

Moreover, the axial vibration of a bar with various
boundary conditions was analyzed on the basis of SGT by
Altan et al. [57]. In subsequent studies, Kahrobaiyan et al.
[58] studied the longitudinal vibration of microbars using
the MSGT. Akgo6z and Civalek explored the longitudinal
free vibration of homogeneous microbars [59] and axially
FG microbars [60] under both clamped and unclamped
boundary conditions using the MSGT. Dimosthenis [61]
analytically presented the longitudinal free vibration
behavior of a bar with free, clamped, attached mass, and/



J Braz. Soc. Mech. Sci. Eng. (2026) 48:629

Page30of19 629

or spring boundary conditions using the SGT. Based on the
NSGT, Simsek [62] examined the axial vibration behavior
of a nanorod embedded in an elastic medium, while Li et
al. [63] investigated a similar problem for a nanorod in
free space. In line with these studies, several other works
in the literature also explore the longitudinal vibration of
nano- and micro-scale structures [64—76].

In this study, a comprehensive formulation for the
axial vibration analysis of BD-FG microbars is developed
within the framework of SGT. First, the governing equa-
tion of motion in the axial direction and the corresponding
boundary conditions are derived using Hamilton’s prin-
ciple. The axial displacement field is expressed by a Fou-
rier sine series. The Stokes’ transform is then applied to
impose the boundary conditions in a flexible manner, with-
out requiring the displacement function to satisfy them
exactly. Finally, all model parameters, including material
gradation, strain gradient effects, elastic foundation stiff-
ness, and boundary spring constants, are collected into
an eigenvalue matrix. The natural frequencies of the sys-
tem are obtained by setting the determinant of this matrix
equal to zero. Unlike many conventional approaches that
assume perfectly rigid or free boundaries, the present for-
mulation accounts for boundary flexibility by introducing
axial springs at both ends. By varying the spring stiffness
parameters, different boundary conditions can be mod-
eled within a unified framework, which extends existing
FG microbar vibration models and enables a more realistic
analysis of deformable supports.

2 Material property variation in bi-
directionally functionally graded microbars

This research focuses on the longitudinal vibration behav-
ior of a BD-FG microbar constrained by axial springs and
embedded in an elastic foundation, as depicted in Fig. 1. The

BD-FG microbar with a length of L is composed of a func-
tionally graded mixture of ceramic and metal constituents.
Its mechanical properties vary continuously along both the
width (b) and thickness (h) directions. This spatial variation
in material properties can be described as follows [77, 78]:

[y, 2) = fVe(y, 2) + fmVin (¥, 2) )

Here, f (y, z) denotes the material property of the BD-FG
microbar, incorporating the properties of both metal (f,,)
and ceramic (f.). Also, V,, (y,2) and V, (y, z) represent
the volume fractions of metal and ceramic, respectively, and
they satisfy the following relationship:

Vin (y,z) =1-V. (y7 Z) (2)

In a BD-FG microbar, material properties vary along both
the y- and z-axes. In such structures, the outer surface pre-
dominantly exhibits ceramic characteristics, while the inner
region reflects the dominant properties of metal. The vol-
ume fraction of ceramic in the aforementioned equation is
determined as follows [77, 78]:
P
) o

== ([ D) =

The material gradation in the BD-FG microbar is character-
ized by the material grading coefficients n and p, where n
represents the material grading coefficient in the y-direction
and p corresponds to the material grading coefficient in the
z-direction. When n > 0& p > 0, the material properties
exhibit gradation in both the width and thickness direc-
tions. If p =0, the material properties vary exclusively
along the width direction (the y-axis), while when n =0
, the properties change only in the thickness direction (the
z-axis). In the case where n = p = 0, the beam consists
entirely of ceramic material, whereas for n = p = oo, the

2z

h

Fig. 1 BD-FG microbar model supported by axial springs
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Fig. 2 Material property variation of the BD-FG microbar under different grading parameter conditions

beam is entirely metallic. These variations are visually rep-
resented in Fig. 2. In this figure, the green regions represent
the ceramic phase, while the gray regions correspond to
the metallic phase. Using the equations derived above, the
effective material properties of the BD-FG microbar can be
given as follows:

£ =+ o= 1) [1- (|2 - 1')]"[1— (

Using Eq. (4), the effective elasticity modulus E (y, z) and
mass density p (y, z) of the BD-FG microbar are determined
as follows, respectively:

] I (R N (i RO
oo = st [ ([F ) - ([FD] @

It should be noted that at micro- and nano-scales, inter-
facial effects, porosity, and microstructural heterogene-
ity may affect the effective properties. In such cases,
advanced homogenization methods (e.g., Mori—Tanaka,

@ Springer

self-consistent, or multiscale schemes) can provide
improved accuracy by accounting for phase interactions and
microstructure.

3 Derivation of the governing equation
using strain gradient theory

The linear elastic constitutive relations proposed by Aifantis
et al. [11, 12], including the Cauchy stress tensor o;;, the
fourth-order elasticity tensor Cj1, the strain tensor €y, the
Laplacian of the strain tensor €y, mm, and the MLSP p, are
derived as follows:

0ij = Ciji (€t — 1€kt mm) (7

The parameter g represents an intrinsic material
length (material length scale parameter) related to micro-
structural features (e.g., grain size). In FG materials, the
scale parameter may also vary spatially, and there are stud-
ies that model this variation [33, 79]. In the present work, p
is assumed uniform to keep the model simple and isolate the
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effect of property grading, while future studies could use a
spatially varying p (z, z) linked to local composition.

Furthermore, it is acknowledged that more comprehen-
sive theories, such as the MSGT [14] or NSGT [13], intro-
duce additional length scales and can capture a wider range
of size-dependent effects. While the qualitative stiffen-
ing trend observed here is consistent with these advanced
models, quantitative results would differ depending on the
additional parameters they employ. Therefore, the present
results should be interpreted within the context of the cho-
sen single-parameter gradient model. Future work could
extend this analysis to compare predictions across different
gradient elasticity formulations. The strain energy density
now includes classical and gradient terms, written as [11,
80]:

1 5 (1
U = 5)\6,‘2‘5_7‘_7‘ + ’1961‘]'51']' + [LZ (5)\&“@6_7‘_7“)9 + ﬂgi_j,kfij?k) (8)
where,
1
gij = 5 (Ui +uji) ©9)

Here, X\ and ¥ denote the Lamé constants. In addition, when
© = 0 is applied, the proposed bar model simplifies to the
classical model. The strain energy density function U, which
includes the stress (o, o) and strain (e, ;) tensors expres-
sions, is given for the microbar model as follows [61]:

1 L
U= 5/ (o€ + 0,e,) Adx (10)
0
where,
> du(z,t) (11)
dx
d*u(z,t)
= Pp——2 12
O = b 722 (12)
. du(x,t) (13)
dx
. d*u(z,t) (14)
¥ dx?

Here, A is the cross-section area of the microbar. It should
be noted that the present model assumes linear elastic mate-
rial behavior, small strains, and moderate displacements, so
that geometric nonlinearity is negligible [81, 82]. At micro-
and nano-scales, geometric and material nonlinearities may
become significant, making the linear model inadequate
for large-amplitude vibrations [82]. Future extensions of
this work could, therefore, incorporate nonlinear kinemat-
ics (e.g., using the von Karman strain—displacement rela-
tions) and/or nonlinear constitutive models into the current
strain gradient elasticity framework to capture these effects.
Moreover, in this study, the governing equation and bound-
ary conditions are established through Hamilton’s principle,
which is given by the following equation:

tz t2
§(U—T)dt —

t1 t1

SWdt =0 (15)

By substituting the expressions defined in Eqgs. (11)—(14)
into Eq. (10), the strain energy expression (U) can be
expressed as:

oot () (S e

Moreover, the kinetic energy expression (T') is represented
by the equation below:

1 L du(z, )\ >
T_Q/OAP< - )dm (17)

The expressions A and A, in the above equations are
derived as follows:

h/2 b/2

Ap = / /E(y,z)dydz (18)

~h/2-b/2

h/2 b/2
A, = / /p(y,Z)dydz (19)

—h/2-b/2

Finally, the work done by external forces (W) is defined as
follows:

@ Springer



629 Page 6 of 19

J Braz. Soc. Mech. Sci. Eng. (2026) 48:629

L L
MV:/JWMm+PMﬁ+PMM} (20)
0 d$ 0
where,
F = —keu @21)

Here, ¢ represents time, k. refers to the elastic foundation
stiffness coefficient. Also, P and D represent the conven-
tional and higher-order axial resultants, respectively. By
combining Egs. (16) and (17), the first integral is derived as
follows, according to the principles of variational calculus
[61]:

ty ts L
[6(U—=T)dt = [ [OR (ug, gy, 1) dzdt
t1 t1 0
i L 0 (OR OR
-1l ( ouee) =5 () =31 (52 )] e
or _ "¢ (22)
+t1 H T or (()uw>} ut H'u,”(iulo dt
LTOR
f5io],

The Lagrangian function, as given in Eq. (22), is expressed
as follows:

A A A
R= S5 () + 5 ()’ = 2 (0)° (23)
where

du

=— 24
s = o (24)

du

_ 25
Uss = s (25)

du
= — 26
U= (26)

Using Egs. (24)—(26), Eq. (22) can be expressed as follows:

t2

S - Ty = /

t t

L
{/ [,uzAEu”u — Apug, + Apu'} J’udw} dt
0
t
+ / ’ [(AEuI — ;L2AEuTm) ou + ;LZAEummdu/}DL dt (27)
Jty

L
+ / [Ayu0u]}? do
JO

The second integral is derived according to the principles
of variational calculus, as shown below [61]:

@ Springer

:j(Wth: / / Foudzdt + / tl{[P(su]gﬂQ(su/}g}dt (28)

Employing Eqgs. (27) and (28) through Hamilton’s varia-
tional approach yields the following equation:

L L
(/ {/ [;LZAEum_,;I — Aptg, + Ap'il} 5udx} dt
t 0

1
+/ [(AbuJ —u Abu”,) du + p? Apug, ,(5ul] dt+/ [A,,'izéu]if) (29)
3

ts oL ts
_ (/ / Féudxdt + / {[P(;U]é‘ + [Q(SW]S} dt
Jt Jo Jt1

Therefore, the vibration equation for an FG microbar is
derived in the following form [61]:
0%u 0*u 0%u

AEi—,U,ZAEi—i-F A

o2 e i (30)

Furthermore, based on Eq. (29), the boundary conditions
for the microbar are expressed as below [61]:

3

P= AE%f,uA % or ou=0 at xz=0,L 31
2

Q:pzAE% or Sw=0 at z=0,L (32)
T

The governing equation and boundary conditions cor-
respond to a conservative system and therefore do not
include damping. In practical MEMS/NEMS applications,
energy dissipation mechanisms such as material viscoelas-
ticity, air damping, or foundation losses can significantly
affect the dynamic response. In future work, damping can
be incorporated by adding viscous or viscoelastic terms,
e.g., using a Kelvin—Voigt type model.

4 Multi-parameter eigenvalue formulation
for axial vibration

This chapter presents a methodology for analyzing the
longitudinal vibration of a BD-FG microbar resting on an
elastic foundation, which involves an eigenvalue problem.
The eigenvalue problem is formulated in its most general
form, incorporating spring coefficients at the boundaries,
material property variations, scale parameters, and elastic
foundation stiffness coefficients. The deformable boundary
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conditions associated with this problem are derived using
Fourier infinite series and Stokes’ transforms. According
to the proposed solution method, the displacement func-
tion u (z, t) is expressed in terms of ¢ (z) by separating the
time variable ¢, as follows [72]:

u(z,t) = p(x)e™ (33)
Thanks to this discretization, the governing equation can

be reformulated to explicitly incorporate the natural fre-
quencies (w), as follows:

App(@)" — 12 Ape ()Y — kep (2) + Apw?p (1) =0 (34)

The displacement function is expressed using a Fourier
sine series, allowing the description of the nanotube’s
behavior both at the boundaries (z =0 and z = L) and
within the region between them (0 < x < L), as shown
below [72]:

o,z =0,
¢ (x) = er,x =1L, (35)
oy besin (Bra),0 <a < L

In this context, the equation (. = r7/L holds, and b,
denotes the Fourier coefficient, which is calculated as
follows:

L
b = %/cp(x)sm (Brzx) dx (36)
0

By applying Stokes’ transforms, the derivatives of the dis-
placement function are represented using a Fourier series.
In this framework, the first derivative associated with
Eq. (35) is formulated as follows:

z) =) Brbycos (Bx) (37)

r=1

If Eq. (37) is rewritten in the form of a cosine series, then
the following expression is obtained:

= %0 + ; crcos (Brax) (33)

The coefficients ¢y and ¢, of the Fourier series, obtained
from the preceding equation, can be expressed as follows:

L
=7 [¢r(@)de = (o1 - 90) (39)
0

Yeos (Brx)dx, (r=12,...) (40)

The Fourier coefficient ¢, obtained earlier can be calcu-
lated using integration by parts, as illustrated below:

L

v = 2lip (@) cos (B2l + {Br [e@sin(s.0) d:c] (41)

0

¢ = 2(_1)T (SOL — 300) + ﬂrbr (42)

Using Stokes transforms, the first six derivatives of ¢ ()
can be derived as follows [72]:

ot (z) = (23 ; ©o) " iws (Br) (W + /37,1)7‘) (43)

¢ (x) == Brsin (Brx) (w + ﬁrb7\> (44)

1

"o
S0/// (:,C) _ YL $40)

L
—I-ZCOS(ﬁTJ)) { [ /[/,(_é) _906/] (45)
r=1
(4)(1 Zﬁrszn Brx)
2] e Zd [(=1)" ] (40
CPL - — %o 2 —1) YL — o
|: L - ﬁr ( L + 5rbr):|

By inserting Egs. (35), (44), and (46) into Eq. (34), the
coefficient b, is determined as follows:

@ Springer
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. 203, [(AE + AE,U263) o — (—

1) (Ap + App®B2) o — App® (gl —

o7 (—1)")]

re L(k.

This method, derived using Stokes’ transforms and Fou-
rier series, enables a continuous transition from clamped—
clamped (C—C) to clamped—free (C—F) boundary conditions
through appropriate tuning of the stiffness coefficients of the
springs located at the boundaries. Furthermore, by assign-
ing intermediate stiffness values, boundary deformations
that are rarely examined in the literature can also be inves-
tigated, without the need to reformulate the solution proce-
dure. In addition, the deformable force boundary conditions
can be expressed as follows:

du O3y

Ap— — P Ap— = Y0%0 (48)
dx B oa3 R
d A3y

AEdj_ 2AE8 3 ——’yL(pL (49)

Here, 79 and 7 represent the spring coefficients located
at the ends of the BD-FG microbar. Assigning sufficiently
large values to these coefficients results in rigid boundary
behavior, while assigning very small values leads to free-
end conditions. To formulate the corresponding eigenvalue
problem, Eqgs. (43), (45), and (47) are substituted into Eqs.
(48) and (49) as follows:

Ap < 2LAE (ke — Apw?) (L + r2m?p?) ’
T T Z koLt + Aprin? (L2 + r2n2p?) — LA A w? vo
(50)

> ) Ap (ke — Apw?) (L? + rzwzuz) _
< +Zk L4+AET w2 (L% + r2m?p?) — LAA w? pr=0

—@@+@&+hﬁ%) (47)

Z )" Ag (k — Apw? ) (LZ +7‘Z7'2/L2)

ke L4 + AETZTQ (L2 + rPr2p?) — LiA,w? ) 70

N Ap — 2LAE (ke — Apuﬂ) (L2 + T27T2M2)
LT 2 ke Apr®n? (12 4 r2a2?) — LA

)m :0 Sh

Based on Egs. (50) and (51), the following eigenvalue
problem is formulated, taking into account the influences
of spring stiffness, elastic foundation stiffness coefficients,
material characteristics, and scale-dependent effects:

det[ gll W12 } ~0 (52)

21 ¢22

where,

Ap & 2LAg (ke — Apw?) (L? + r2n?p?)
1= —Y — — —
P11 =~ T Zk L4+AET‘27T2 (L2+T.Z7T2 2) - L4pr2 (53)

) Ag (k. —Apw 2) (L2 4+ r272 2
wu** Z 4 E(2 2 2)( 4#)2 (54)
L kL+AEr7r(L+r7r,u) L*A,w
> ke — A w?) (L2 4+ 27242
1/}21_ Z 4 Az { 2 . 2)2( 1 . )2 (55)
L kel +AE7 2(L2+r2m2p?) — LY Ayw
o > 2LAg (ke — Apw?) (L? + r?m?p?)
Y22 = Zk L4+AE7«2772 @2+ e~ i (50)

This study introduces a novel eigenvalue formulation that
explicitly accounts for possible boundary deformations—an
aspect that has received limited attention in prior research on

Table 1 Comparison of DFs in the first three modes under different elastic foundation stiffness coefficients (yo = v, = 10'* nN/nm)

s k First mode Second mode Third mode
Present Simgek [62] Present Simsek [62] Present Simsek [62]
0.0 0 3.1415 3.1415 6.2831 6.2831 9.4247 9.4247
1 3.2969 3.2969 6.3622 6.3622 9.4776 9.4776
3.8561 3.8561 6.6692 6.6692 9.6864 9.6864
10 4.4575 4.4575 7.0340 7.0340 9.9411 9.9411
0.25 0 3.9947 3.9947 11.6999 11.699 24.1238 24.123
1 4.1179 4.1179 11.7426 11.742 24.1446 24.144
5 4.5779 4.5779 11.9117 11.911 24.2273 24.227
10 5.0948 5.0948 12.1197 12.119 24.3302 24.330
0.5 0 5.8499 5.8499 20.7151 20.715 45.4022 45.402
1 5.9348 5.9348 20.7392 20.739 45.4132 45413
5 6.2627 6.2627 20.8354 20.835 45.4572 45.457
10 6.6499 6.6499 20.9551 20.955 45.5122 45.512
1.0 0 10.3575 10.357 39.9753 39.975 89.325 89.325
1 10.4057 10.405 39.9878 39.987 89.330 89.330
5 10.5962 10.596 40.0378 40.037 89.353 89.353
10 10.8295 10.829 40.1002 40.100 89.381 89.380
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nano- and microscale systems. Unlike conventional models
that assume perfectly rigid or completely free boundaries,
this approach recognizes that even slight boundary flex-
ibility can significantly influence the dynamic behavior of
small-scale structures. To address this, deformable springs
are placed at both ends of the BD-FG microbar. A main
contribution of this study is its ability to model a wide
range of boundary conditions by changing the stiffness of
the springs. This flexible modeling approach improves the
physical accuracy of the analysis and offers a clear improve-
ment over traditional boundary assumptions, making it
more useful for real-world nanoscale engineering problems.

5 Numerical results

In this section of the study, the factors influencing the lon-
gitudinal vibration behavior of BD-FG microbars—such
as material properties, spring stiffness parameters, elastic
foundation effects, and size-dependent characteristics—are
examined. To verify the accuracy of the proposed method,
comparative results are presented in the first three tables.
Table 1 provides a comparison of the dimensionless fre-
quencies (DFs) of a homogeneous microbar under varying
MLSPs and elastic foundation stiffness coefficients, with
the results reported by Simsek [62]. In this study, the DFs,
denoted by w, are calculated using the following formula:

Pe

T =wl
w w EC

(57)

Additionally, the elastic foundation stiffness coefficient is
also treated in a dimensionless form and is calculated using
the following expression:

k. L?

F E.A

(58)

Simgek [62] investigated the axial vibration of a fixed—fixed
nanorod using the nonlocal strain gradient theory (NSGT).
When the nonlocal effects are omitted from Simsek’s [62]
study, his model becomes comparable to the one proposed
in this work. In the current study, the boundary conditions
employed in Simsek’s [62] model can be reproduced by
assigning a spring stiffness value of 10" nN/nm at both ends
of the microbar. The comparison in Table 1 clearly demon-
strates that the results obtained using the proposed method
are in excellent agreement with those in the literature, thus
validating the accuracy and reliability of the approach.

Unless otherwise stated, the same parameter values are
used throughout the study in the tables and figures following
Table 3. These are as follows: b = h =1 um, L = 20h um
,n=p=2,k=10, 4 = 1h, and 79 = 77 = 10** nN/nm.
Additionally, the number of terms considered in the Fourier
series expansion is taken as ¥=10. The elastic modulus and
mass density of the BD-FG material are selected based on
the work of Vel [83]. In this context, silicon carbide (SiC) is
chosen as the ceramic phase, and titanium (Ti) as the metal-
lic phase of the BD-FG microbar. SiC is characterized by an
elastic modulus of 410 GPa and a mass density of 3100 kg/
m?, whereas Ti has an elastic modulus of 105.8 GPa and a
mass density of 4420 kg/m?.

Table 2 Comparison of DFs for different boundary conditions and mode numbers (1 = 0)

i Mode number 70 = vz = 10* nN/nm (C-C) 70 = 10 nN/nm &vz, = 10~® nN/nm (C—F)
Present FEM[73] Analytical [73] Present FEM[73] Analytical [73]
0 1 3.1415 3.14303 3.14159 1.5729 1.57098 1.57080
2 6.2831 6.29468 6.28319 4.7187 4.71724 4.71239
3 9.4247 9.46358 9.42478 7.8645 7.87643 7.85398
4 12.5664 12.65843 12.56637 11.0104 11.05722 10.99557
5 1 3.8561 3.8573 3.8561 2.7338 2.7328 2.7327
2 6.6692 6.6800 6.6692 5.2217 5.2204 5.2160
3 9.6864 9.7242 9.6864 8.1762 8.1877 8.1661
4 12.7638 12.8544 12.7638 11.2352 11.2811 11.2206
50 1 7.7375 7.7381 7.7376 7.2439 7.2435 7.2434
2 9.4593 9.4669 9.4593 8.5009 8.5001 8.4974
3 11.7825 11.8135 11.7825 10.5760 10.5848 10.5681
4 14.4192 14.4995 14.4192 13.0854 13.1249 13.0730
100 1 10.4819 10.4823 10.4819 10.1229 10.1226 10.5681
2 11.8101 11.8162 11.8101 11.0574 11.0568 11.0547
3 13.7414 13.7681 13.7414 12.7221 12.7294 12.7155
4 16.0597 16.1318 16.0597 14.8738 14.9085 14.8628
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Table 3 Convergence study of DFs considering boundary conditions, elastic foundations, and MLSPs
i £ ~0 = vz = 10** nN/nm (C-C) 0 = 10 nN/nm &~z = 10~% nN/nm (C-F)
Analytical Equation (59) Analytical Equation (60)

Fourier Solution Fourier Solution

n=30 n=20 n=10 n=150 n=100 n=30
10 0 4.4575 4.4575 4.4575 4.4575 3.5309 3.5318 3.5323 3.5356
0.5 4.4847 4.4847 4.4847 4.4847 3.5330 3.5338 3.5343 3.5376
1.0 4.5654 4.5654 4.5654 4.5654 3.5395 3.5388 3.5393 3.5428
1.5 4.6969 4.6969 4.6969 4.6969 3.5502 3.5455 3.5461 3.5497
2.0 4.8750 4.8750 4.8750 4.8750 3.5652 3.5529 3.5534 3.5574
2.5 5.0948 5.0948 5.0948 5.0948 3.5844 3.5601 3.5607 3.5648
50 0 7.7375 7.7375 7.7375 7.7375 7.2434 7.2439 7.2441 7.2457
0.5 7.7532 7.7532 7.7532 7.7532 7.2444 7.2448 7.2451 7.2467
1.0 7.8002 7.8002 7.8002 7.8002 7.2476 7.2473 7.2475 7.2492
1.5 7.8779 7.8779 7.8779 7.8779 7.2528 7.2506 7.2508 7.2526
2.0 7.9853 7.9853 7.9853 7.9853 7.2602 7.2542 7.2545 7.2564
2.5 8.1214 8.1214 8.1214 8.1214 7.2696 7.2577 7.2580 7.2600
100 0 10.481 10.481 10.481 10.481 10.1226 10.1229 10.1231 10.1243
0.5 10.4935 10.4935 10.4935 10.4935 10.1234 10.1236 10.1238 10.1250
1.0 10.5282 10.5282 10.5282 10.5282 10.1256 10.1254 10.1255 10.1268
1.5 10.5859 10.5859 10.5859 10.5859 10.1294 10.1277 10.1279 10.1292
2.0 10.6661 10.6661 10.6661 10.6661 10.1346 10.1303 10.1305 10.1319
2.5 10.7684 10.7684 10.7684 10.7684 10.1414 10.1328 10.1330 10.1345

In Table 2, the dimensionless frequencies (DFs) obtained

We-rF =

\jszAE(W)HAE(W)zL\/? (60)
E.

Ap

in this study are compared with the results reported by
Civalek et al. [73], who presented both finite element
method (FEM) and analytical solutions for carbon and silica
carbide nanotubes under C—C and C-F boundary condi-
tions. In the present study, the C—C boundary condition is
achieved by assigning the spring stiffness coefficients as
7o = 71 = 10 nN/nm, while the C—F boundary condition
is modeled by taking o = 10'* nN/nm and v, = 107° nN/
nm. The comparisons are carried out within the framework
of classical elasticity (u = 0) for different elastic foundation
parameters. For the C—C boundary condition, the proposed
Fourier—Stokes solution shows excellent agreement with the
results of Civalek et al. [73] even with a small number of
terms (r=10). For the C—F boundary condition, the results
exhibit a convergent behavior; in particular, when the num-
ber of terms is increased to »=150, the relative error falls
below 0.1%. These results demonstrate the accuracy, effi-
ciency, and flexibility of the proposed method in modeling
different boundary conditions.

Table 3 presents a detailed convergence analysis of the
proposed solution for both C—C and C—F boundary con-
ditions under different elastic foundation conditions and
MLSPs. The closed-form expressions for solving DFs in the
C—C cases (Wo—¢) and C-F cases (Wo_F) are presented
as follows:

(59)

R A() e
wo-o = A, E.

@ Springer

Here, n,, denotes the mode number. For the C-C case
(70 = 7z = 10'* nN/nm), the results obtained with =10,
20, and 30 terms show excellent agreement with the ana-
lytical solutions, indicating that a small number of terms
is sufficient to accurately capture the dynamic behavior.
For the C—F boundary conditions (79 = 10'* nN/nm and
~1 = 1079 nN/nm), convergence is examined using =150,
100, and 50 terms. The results demonstrate that the proposed
solution converges to the analytical solutions with relative
errors below 1%. These findings confirm that the proposed
Fourier—Stokes solution can achieve excellent agreement
depending on the prescribed boundary conditions, demon-
strating its capability to accurately model both rigid and
flexible constraints.

The variation of the elasticity modulus for different val-
ues of the material grading indices is shown in Fig. 3a—c,
while Figs. 4a—c illustrate the corresponding distributions
of mass density. In these figures, the effect of the material
grading coefficients n and p on the material distribution in
the BD-FG microbar is investigated. Figure 3a corresponds
to the case where p = 0, indicating material variation only
along the width direction (y-axis). Figure 3b represents
the case where n = 0, reflecting variation only along the
thickness direction (z-axis). Figure 3c, on the other hand,
illustrates the case where n = p, meaning that the material
properties vary in both the y- and z-directions. It should be
noted that the limiting cases of the material grading indices
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Fig. 4 Variation of the mass density
p (y, 2) in different directions of
the microbar

@ Springer

Mass density p(y,z) (kg/m?)

Mass density p(y) (kg/m®)

z/h ratio

4250

4000

3750

3500

3250

3000 -

1 1 1 1 1

-0.4 -0.2 2] 0.2 0.4

y/b ratio

(a) Mass density variation only along the y-direction

3250 3500 3750 4000 4250
Mass density p(z) (kg/m?)

(b) Mass density variation only along the z-direction

4250 -

4000 -

3750 -

3500 -

3250 -

3000 -

y/b or z/h ratio

(c) Bi-directional variation of the mass density

n=0.2
n=0.4
n=0.6
n=0.8
n=1.0
n=2
n=4
n=6

n=8

p=0.2
p=0.4
p=0.6
p=0.8
p=1.0
p=2
p=4
p=6
p=

n=p=0.0
n=p=0.1
n=p=0.3
n=p=0.5
n=p=0.7
n=p=0.9
n=p=3
n=p=5
n=p=7
n=p=9

N=p=co



J Braz. Soc. Mech. Sci. Eng. (2026) 48:629

Page 130f 19 629

10 20 EC 40 58

L/h ratio

(a) Variation of DFs in the first mode

Fig. 5 The influence of microbar length and MLSP on DFs

10 20 30 a0
k

(a) First mode

10 2‘0 30 40 56’
L/h ratio

(b) Variation of DFs in the second mode

—0— n=p=0.5
e n=p=1.0
—O— n=p=1.5

i n=p=2.0
5L ; l i

k
(b) Second mode

(¢) Third mode

Fig. 6 Effect of material grading and elastic foundation on DFs in different modes

@ Springer



629 Page 14 of 19

J Braz. Soc. Mech. Sci. Eng. (2026) 48:629

— 1ifh=4
0 10 20 30 40

k

(a) First mode

] 10 20 30 40

k

(b) Second mode

. M
10

DF
o«

m—— i/h=4

20 30 40

k
(¢) Third mode

Fig. 7 Effect of MLSP and elastic foundation stiffness on DFs for different vibration modes

Fig.8 Impact of varying values of material grading coefficients on DFs
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are such that n = p = 0 corresponds to a ceramic phase,
whereas n = p = oo represents a metal phase. As seen in the
figures, the elastic modulus transitions from ceramic-rich to
metal-rich phases depending on the values of n and p. Simi-
larly, Fig. 4a—c demonstrate the spatial distribution of mass
density under the same grading conditions. These figures
highlight how increasing the material grading coefficients
leads to a more metallic character, whereas lower values
favor the dominance of ceramic properties in the structure.
The variation of DFs with respect to the L/h and the
w/h ratios is illustrated in Fig. 5a and 5b for the first and
second modes, respectively. As observed in both figures, the
DFs decrease as L/h increases. Conversely, higher p/h val-
ues result in increased frequencies, reflecting the amplifying
effect of microscale characteristics. This effect is more pro-
nounced at lower L /h values, where size-dependent behavior
becomes significant. As L/h continues to increase, the influ-
ence of p/h becomes less significant for both modes, and the
results tend to converge regardless of the MLSP. Additionally,
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Fig. 5a and b show that the effect of 11/h on DFs is similarly
significant for both the first and second modes.

Figures 6a—c show the variation of DFs with the k param-
eters for different values of n = p: (a) first mode, (b) second
mode, and (c) third mode. It is observed that for all modes,
the DFs increase as the elastic foundation stiffness coeffi-
cient increases, indicating the strengthening effects of the
elastic foundation on the vibration frequencies. Additionally,
as the parameters n = p increase from 0.5 to 2, the overall
frequency levels tend to decrease for each mode, mainly due
to the increasing metal content relative to ceramic, which
raises the effective mass and produces a softening effect on
the system’s dynamic response. The rate of increase in fre-
quency with respect to the foundation coefficients is simi-
lar across all n = p values. Furthermore, the influence of
the material grading index on the DFs varies notably with
the mode number and the elastic foundation stiffness coeffi-
cients. At higher modes, the frequency differences between
varying n = p values are more pronounced, indicating a
higher sensitivity of fundamental vibration characteristics

to material gradation. As the mode number decreases, these
differences diminish, suggesting that lower vibration modes
are less affected by gradation. Furthermore, increasing the
elastic foundation parameter raises the frequency values
for all material grading indices. However, this increase
also lessens the relative differences in frequency caused by
changes in the grading index. In other words, a stiffer elastic
foundation reduces the effect of material gradation on the
system’s vibration behavior, making the frequencies more
uniform.

Figure 7a—c present the variation of the DFs with elastic
foundation stiffness for different MLSP values in the first,
second, and third modes. In Fig. 7a, an overall increase in
frequency is observed as both 1/h and k increase, though
the influence of 11/h remains relatively limited at this first
mode. In contrast, Fig. 7b and ¢ show that the effect of the
w/h becomes more pronounced in the second and third
modes. The frequency differences between p/h =1 and
wu/h = 4 grow significantly with increasing mode number.
Meanwhile, the elastic foundation parameter consistently
increases the frequency values across all i /h ratios in each
mode, but it does not significantly affect the difference
between the p/h curves. Also, the effect of 11/h becomes
more dominant in higher modes.

Figure 8 illustrates the variation of DFs with respect to
the parameters n and p. As both n and p increase, indicat-
ing a higher metal content within the FG material, the DFs
consistently decrease. This behavior is attributed to the fact
that increasing the metal fraction raises the overall den-
sity while reducing the effective stiffness of the microbar,
which in turn lowers the natural frequencies. Conversely,
lower values of n and p, corresponding to a more ceramic-
like composition, lead to higher DFs. Therefore, the results
clearly demonstrate how modifying the material gradation
in the BD-FG microbar significantly influences its vibration
characteristics.

Figure 9 presents the variation of the DF with respect
to spring stiffness for £ = 5, k£ = 10, and k = 15. For all
three cases, the frequency remains nearly constant at low
spring stiffness values and begins to increase gradually as
the stiffness exceeds a certain threshold (around 10°-10°
nN/nm). This behavior indicates that the influence of the
spring boundary conditions becomes more significant as the
springs become stiffer, approaching a clamped-like behav-
ior. Additionally, higher k£ values lead to higher frequency
levels across all spring stiffnesses. This occurs because a
stiffer elastic foundation provides greater resistance to
deformation, effectively increasing the system’s overall
stiffness and, consequently, its natural frequencies. These
results highlight the combined effect of elastic foundation
and boundary flexibility on the vibrational characteristics of
the system.
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Figure 10 shows the effect of varying spring stiffness at
both ends of the microbar (vp, vz, ) on the DFs. As the spring
stiffness increases, the boundary conditions approach a
clamped (fixed) state, resulting in a consistent increase in the
DFs. Conversely, lower spring stiffness values correspond
to more flexible, free-end boundary conditions, which lead
to lower DFs. For intermediate values of spring stiffness, the
boundary conditions represent deformable supports. Such
deformable boundaries become especially important at the
micro- and nano-scale, where even small support flexibility
can noticeably affect the dynamic response.

6 Conclusions

In this study, the longitudinal vibration characteristics of a
BD-FG microbar resting on an elastic foundation are inves-
tigated using Aifantis SGT and deformable (spring-based)
boundary conditions. The proposed formulation provides
a unified framework capable of capturing size-dependent
effects, material gradation, and elastic foundation interac-
tion within a single model. Moreover, by adjusting the spring
stiffness values at the boundaries, the model can reproduce
different classical boundary conditions reported in the litera-
ture within the same framework. The results show excellent
agreement with closed-form solutions and previously pub-
lished numerical data, confirming that the proposed formu-
lation accurately reproduces classical boundary conditions.
The convergence analysis indicates that clamped boundary
conditions (high spring stiffness values) are captured with
very high accuracy using a small number of terms, whereas
cantilever boundary conditions (one end with high and the
other with low spring stiffness) are approximated with very
low error as the number of terms increases. Furthermore,
the numerical analyses confirm well-known trends in the
axial vibration behavior of the microbar. Increasing the
MLSP raises the DFs, particularly in higher modes, while
increasing the microbar length reduces the frequencies and
weakens size-dependent effects. Material gradation also
affects the dynamic response, with higher grading indices
(metal-rich configurations) leading to lower frequencies
and ceramic-dominant configurations yielding higher fre-
quencies. Additionally, increasing the stiffness of the elas-
tic foundation and boundary springs consistently increases
the DFs. Overall, the results demonstrate that the proposed
model effectively captures the key factors governing the
axial vibration behavior of micro-scale structures and pro-
vides a flexible and reliable tool for accurate vibration anal-
ysis and design. Future studies may focus on the inclusion
of damping effects and forced vibration responses to further
enhance the applicability of the proposed model in practical
engineering systems.
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