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Abstract In this paper, we present the concept of a-split
domination in graphs. Besides, we calculate the o-split
domination number of path, cycle, complete bipartite
graphs and discuss the upper bounds for a-split domination
number in terms of order p, size g and the maximum degree
A. We prove that o-split domination number is equal to the
vertex covering number with 1>a > (4(G) —1)/4(G)
and propose the upper bound for «-split domination number
of a tree with diam(G) > 3 in terms of the leaves among all
its vertices and equality holds if and only if the split
domination number of a tree is equal to the leaves among
all its vertices. Also, we probe the w«-split domination
vertex critical graph with set of all support vertices of G
and the lower bound for «-split domination number in
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terms of the order p and « satisfies 0 <o < 1. Moreover, we
investigate the o-split domination edge criticalness and
show that G is 2-y, -edge critical with 6(G) > 1 if and only
if G =Cs.
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1 Significance of the Work

Domination is one of the important concepts in graph
theory due to its applications. In this paper, a-split domi-
nation is introduced. This domination is studied for several
main graph classes and some upper bounds for the «-split
domination number are obtained. Also several topics
related to this domination type are studied.

2 Introduction

Graph terminology used in this paper can be found in [1].
Let G = (V,E) be a graph with vertex set V = V(G) of
order p =|V| and edge set E = E(G) of size g = |E]
having no isolated vertex. Let v be a vertex in V. The
degree of v denoted by d(v) is the number of edges of G
incident to v. The minimum and maximum degree among
the vertices of G are respectively denoted by 6(G) and
A(G). For a subset S C V, the subgraph induced by S is
denoted by G[S]. A path on p vertices is denoted by P,,
while a cycle on p vertices is denoted by C,.
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The fundamentals of domination were introduced in [2].
The open neighborhood of v is Ng(v) = {u € V|uv € E}
and the closed neighborhood of v is Ng[v] = {v} UNg(v).
For a set SCV, its open neighborhood is the set
Ng(S) = UyesNg(v), and its closed neighborhood is the set
Ng[S] = Ng(S) U S.

The concept of split domination in graphs can be found
in [3]. In [4], split domination number of a congruent
dominating graph is introduced. The notion of split domi-
nation number of a divisible dominating graphs was dis-
cussed by Amutha et al. in [5].

Prabha et al. [6] gave the idea of the neighborhood outer
split domination in graphs. The a-domination in graphs has
been scrutinized in [7]. Some remarks on «-domination is
given in [8]. In [9, 10], the concepts of vertex removal and
edge removal in a-domination were used. The «-domina-
tion and the o-total domination in graphs were introduced
in [11, 12]. Motivated by this work, in this paper, we
present the concept of o-split domination in graphs. For
some o with 0 <o <1, a split dominating set S'in G is an «-
split dominating set if for every vertex v € V\S,
IN(v) N'S| >a|N(v)|. The minimum cardinality of an o-
split dominating set of G is called the o-split domination
number of G and it is denoted by 7,,(G). We calculate the
o-split domination number of certain standard graphs and
we acquire bounds for y,,(G). The set of all support ver-
tices of G is denoted by S(G). The vertex covering number
of G is denoted by op(G) and the diameter of G is denoted
by diam(G).

3 Bounds on o-Split Domination Number

In this section, we compute the o-split domination number
of path, cycle, complete bipartite graphs and give some
bounds for the «-split domination number in terms of the
order, size, degrees, vertex covering number and other
graph parameters.

Observation For 0 <a <1/4, we have 7,,(G) = 7,(G).

Theorem 1 For p >3,

[’3] if 0<a<i
_ 3 2
Vots (PP) - p 1
Proof Let G=P, If O<a< %, then by above
observation, 7,,(G) = 7,(G) = [§]. Hence, we assume
that o > 1/2, for otherwise the desired result follows. Let
S be an arbitrary «-SDS in G and let T = V\S. If u is an
end vertex of the path, then [o - d(u)] = 1, while if u is an
internal vertex of the path, then [o-d(u)] = 2. Thus, if

u € V\S, then N(u) C S, implying that |[S,T]| < (|T| — 3)
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+2 =|T| — 1, where [S, T] denotes the set of all edges
between S and T in G. Since each vertex in the SDS S is
adjacent to at most two vertex in V —§, we have that
[[S,T]|<|S|]. Hence, [S|>|T|—1=(@p—]|S])—1 or
equivalently, |S| > ’%1 Since S is an arbitrary o-SDS, we
have that y,,(G) > [’%11 To show that @P‘SGG) < P’%l], let
G be the path uy,us,- - ,up and let S = U {ugjyo}. If pis
even, then D = §, where D is the arbitrarS/:set of vertices in
G and note that |D| = £.If p is odd, then let D = S and note
that |[D| = [5]. In both cases, D is a a-SDS of G of
cardinality 5], implying that 7, (G) < |5]. Consequently,
7(G) = 2. 0

Theorem 2 For p > 3,

1
m if 0<a< =

3 2
Vots(cp) = p 1

= if — <1.

[2—‘ if > <a<l1

Proof Let G=C,. If 0<a< %, then by Observation 1,
72s(G) = 7,(G) = [§]. Hence, we assume that o > 1, for
otherwise, the desired result follows. Let S be an arbitrary
a-SDS in G and let T = V\S. For every vertex u € V, we
have [o-d(u)] =2. Thus, if u€ V\S, then N(u) C S
implying that |[S, T]| = |T|, where [S, 7] denotes the set of
all edges between S and T in G. Since each vertex in the
SDS S is adjacent to at most two vertices in V\S, we have
that |[S,T])|<|S|. Hence, |S|>|T|=(p—|S]) or
equivalently, [S|>%. Since S is an arbitrary «-SDS, we
have ,,(G) = [£]. To show that y4(q) < [£], let G be the
cycle uy,uz, ..., up,uy andlet S = U {up;i0}. If piseven,
then D = S, where D is the arbitré?y set of vertices in G
and note that [D| = 5. If p is odd, then let D = S and note
that [D| = [5]. In both the cases, D is a «-SDS of G of
cardinality [5] implying that y,,(G) <[5]. Consequently,
Vas(G) = [5].

Theorem 3 Let K, , be the complete bipartite graph with
1<m<n .Then for all o with O0<a<1, we have
fos(Km,l’l) = mln{m, n}

Proof Let G = K,,, have partite sets A and B, where
|A| =m and |B| =n. Let S=A be a y,,(G)-set and let
Sa=SNA and Sgp = SNB. Then, |S4|>1 and |Sg| =0
and let S = B be a y,,(G)-set. Then, |S4| = 0 and |Sp| > 1.
Let ueV-S If ucA, then |[Sg|=|N(u)NS]
> |N(u)| = n, while if u € B, then analogously, |Ss| =
IN(w)NS| >|N(u)| =m. If A=S,, then |S|>|A| =m,
while if B = Sp, then |S|>|B| =n. Thus, if A=S4 or
B # Sg, then |S| >m and if A # S4 or B = Sg, then |S| > n.
Consequently, 7,,(G) = |S|>min{m,n}. To prove the
reverse inequality, we observe that the set A is an «-SDS
and so 7,,(G)<m or if B is an «-SDS, then 7,,(G) <n.
Consequently, 7, (Ku) = min{m,n}. O
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Theorem 4 If G is a graph of order p and size q with no
isolated vertex and with minimum and maximum degrees 0
and A, respectively, then for 0 <o < 1, the following holds:

@ 7,4(G) > 5k

(b) 7,,(G) > @t

© 74(G)> G2

Proof Let S be a y,,(G)-set and let T = V\S. Let GI[S]
and G[T] denote the subgraphs of G induced by S and T,
respectively. Recall that [S, 7] denotes the set of all edges
between S and T in G.

(a) We count the number of edges I[S, 7]l between S and
T in two ways. Counting the edges from S to 7, we
have |[S, T]| < 4|S|, while counting the edges from T
to S, we have

1S, 7] > D o d(u)] > [

ueT
Thus, 4 - |S|> [ad](p — |S|) or equivalently y,(G) = |S|

> ([ad]p)/(4 + [ad]). This proves (a).

(b) Since GI[S] contains an isolated vertex, we have
q(GIS]) + |S| > 1. Moreover > dg(u) = 2q(G[T]) +
|[S,T]| and |T|=p —|S|]. A4 8hown in (a) above,

11T = [20T(p = IS])-

counting the edges from T to S, we have
|[S T]| > [ad](p — |S|). Hence
q (GIS]) + IS| + q(G[T]) + IS, T]| — ||
1
N+§§}k —MHO+MHPBI
ucT
>14= (Zé) —|ST N
ueT
1 1
> 14 0(p = IS]) + 5115, 71/ = 18]

> 15 (1= 8)8] + 5201~ Is)
and so 2g— (0 + [ad])p>(—0 — [wd])|S|. Since

—0— [ad] <0, we have y,(G)=1S|>((0+ [ad])p

—24)/(0 + [ad]). This proves (b).

(¢) Counting the edges from S to 7, we have
[[S,T]| < > dg(u) since G[S] has an isolated vertex.
While coffitting the edges from T to S, we have
[[S,T]|> > ad(u). Hence, > d(u)> > ad(u).
Adding Y™4d(u) to both sides offiequality“Ve have
(4 DYH)S) > S (o + Dd(u) > S od(u) = 24g,
and so 7,,(G) =8| > (20q)/((o« 4494 4). This proves
©).

]

Theorem 5 If G is a graph of order p, size q having no
isolated vertex and minimum degree 6 > 2 and if o satisfies

O0<a<1-—1/9, then y,(G) < %

Proof Let S be a y,,(G)-set and let T = V\S. Let G[S]

and G[7] denote the subgraphs of G induced by S and T,
respectively. Since

q>4q(G[S]) + (S, T]] (ch

ues

—|ST|>+[SVT]|

25 5|S|+ S, 711> 5 5|S|+ [«d](p = 1S1),
we have 2g— [ad]p> (5 — [ad])|S].
a<(6—-1)/0, and so J—[ad] >0
725(G) = |8 < (2¢ — [2d]p) /(6 — [20]).
Theorem 6 Let G be a graph. If 1 >a> (4(G) —1)
JA(G), then 7,,(G) = %(G).

Proof Suppose G is a graph and S is a y,-set, with
o> (4(G) — 1)/ A(G). Let u be a vertex with u ¢ S. Then,
[N(u) N S| > (4(G) — 1)|N(u)|/4(G). Thus, we deduce
that A(G)|N(u) N S| > A(G)|N(u)| — [N(u)|. Let i>0 be
an integer satisfying i = |[N(u)| — S. Then, |[N(u)|—i=
INw)NS| and so A(G)[|[N(u)| —i] > A(G)|N(u)|—
|N(u)|. Thus, A(G) - i<|N(u)|. If i > 1, this contradicts the
definition of maximum degree. Hence, i = 0. Since u is
chosen to be an arbitrary vertex outside S, it must be true
that every vertex in V\S has its open neighborhood con-
tained in S. So there is no edge in G with both end vertices
in V\S. Consequently, S is a vertex cover for G and
ao(G) <|S|. Since the reverse inequality always holds, we
must have equality. O

By assumption,
implying that

Proposition 1 Let T be a tree on p vertices with | leaves
and with diam(T) > 3. Also let o satisfy 0<o <1. Then,
Yus(T) < p — 1 with equality if and only if y(T) =p — L.

Proof Let T = (V,E). For every leaf u of T, we have
[o-d(u)] = 1. Since diam(T) > 3, every vertex that is not
a leaf has at least one non-leaf neighbor. Hence, the set
VAL(T) is an a-SDS, and so 7,,(T) < p — I. By Observation
1, we have that 7 (T) <y,(T). Hence, if y(T)=p—1,
then  y,(T)=p—1  Conversely, suppose that
y(T)<p — 1. Let D be a y,(T)-set. If D contains a leaf v,
then we can simply replace v by a non-leaf neighbor of the
support vertex adjacent to u to obtain a new y,(7T)-set that
contains fewer leaves. Hence, we may choose the y,(T)-set
to contain no leaf. Every SDS in a graph contains the
support vertices but no leaf, there must be a vertex u ¢ D
that is neither a leaf nor a support vertex. Let
S = V\(L(T) U {u}). Since D C §, the set Sis an SDS in 7.
Further, since N(u#) C S and since S contains a support
vertices, every vertex outside S has all its neighbors in §
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implying that the set S is an a-SDS and 7, (T) <|S|<p — L.
Hence, if y,(T)<p — [, then y,,(T)<p — I. Therefore, if
74s(T) =p — 1, then y(T) =p — L.

We call a graph G as a-split domination vertex critical
or just y,-vertex critical if for any v € V(G) — S(G),
Y4s(G —v) <7,,(G), where S(G) is the set of all support
vertices of G.

Theorem 7 If G is a y,-vertex critical graph of order p,
then for any vertex u € V(G) — S(G),
20(G—u)p + 4(G)
725(G) =
2 0(G—u) + A(G

Proof Let G be a y,,-vertex critical graph of order p and
let ue€ V(G)—S(G). Let H=G—u and let D be a
v4s(H)-set. Then |D| =7,,(G) — 1. Let T be the set of
edges between D and V(H) — D. By counting the edges
from D to V(H) — D, we obtain that

7] < 3" deg(u) < |D|A(G).

ueD

On the other hand, since D is an o-split dominating set for
H, we find that

Y odegy(u) >ad(H)(|V(H)| - D).

ueV(H)-D

7| >

Now, we obtain |D| A(G)>ad(H)(p —1 — |D|). Since
|ID| =7,,(G) =1 and H= G —u, a simple calculation
implies that
(G —u)p+ A(G
’yO(S(G) 2 ( ) ( ) N
00(G —u) + A(G

O

Theorem 8 If G is a y,-vertex critical graph of order p
and size q, then

) 2ag — o 4(G) + 4(G)
w02 [P

Proof Let G be a y,,-vertex critical graph of order p and
size g. Let u € V(G) — S(G) and H =G —u. Let D be a
74 (H)-set. Then,

Z degy (u) > Z adegy (u).
ueD ueV(H)-D
Now,
(x+ 1)[D[A(G) > o ZDdegH(u) + ZDdegH(u)
ue ue
>u ZdegH(u) + Z o degy(u) >a Z degy, (1)
uebD ucV(H)—-D ucV(H)

— 5(2q — 2deg,(u)) > (2 — 24(G)).

Since |D| = y,,(G) — 1, a simple calculation completes the
proof.
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We call a graph G, y,.-edge critical if 6(G) > 1 and
removing any edge of G decreses the «-split domination
number. ]

Theorem 9  If a graph G is v -edge critical, then for any
edge e = uv and any y,,(G — e)-set D, the following hold.

@) {uv V} nD= d)
(ii) |Ng(v) N D|<adegg(v)
. or |[Ng(u) N D| <o degg(u).

Proof

(i) Let G be a y_-edge critical graph. Let e = uv be an
edge of G and let D be a 7y,(G—e)-set. If
{u,v} ND # ¢, then D is an o-split dominating set
for G, a contradiction. So, {u,v} N D = ¢.

(i) If [Ng(v) N D|>a degg(v) and |[Ng(u) N D| > o degg
(u), then D is an o-split dominating set for G, a
contradiction. Thus, |Ng(v) ND|<adegg(v) or

|NGg(u) N D| <o deg;(u). This completes the proof.

For an integer k > 2, a graph G is called k — 7, - edge
critical if G is y,; - edge critical with y,,(G) = k. O

Theorem 10 If G is a graph with 6(G) > 1, then G is 2-
Vo-€dge critical if and only if G = C3 and 0<a < 1.

Proof It is easy to see that G = Cs3 is 2 - y,_.-edge critical
for 0 <o <1. Assume that G is a 2 - y_ -edge critical graph
of order p with 6(G) > 1. Let e =xy € E(G). Then,
74(G —€) = 1. Let D = {a} be a y,,(G — e)-set. Clearly,
a ¢ {x,y}. Then, deg(a)=p—1. We observe that
1 = |N(y) N D| > «(deg(y) — 1), and so deg(y) < 1 4 1 and
similarity deg(x) <14 1. Furthermore, if b€ V(G)
—{a,x,y}, then

deg(b) < . (1

We consider the following two cases.

(i) Assume that deg(x) = deg(y). If p = 3, then G = Cs,
and it is y,-edge critical if and only if O <a <1. If
p>4,letz € V(G) — {a,x,y}. Since y,(G —az) = 1,
we find that deg(x)<l or deg(y)<Ll Since
deg(x) = deg(y), we obtain deg(x) = deg(y) < L. But
then, {a} is an « split dominating set for G, implying
the contradiction y,,(G) = 1.

(ii) Assume that deg(x) # deg(y). Assume, without loss
of generality that deg(x) > deg(y). Let x; € N(x)

—{a,y}, and let D; be a y,(G—ax)-set. If
Dy # {x}, then deg(x) <! and so deg(y)<deg(x)
< 1 Consequently, D = {a} is an a-split dominating
set for G, implying that y,(G)=1, a contradiction.
Thus, Dy = {x}. So deg(x) =p—1. Let D, be a
V4s(G — ax)-set. Then, D, = {u} for some u€
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V(G) —{a,x}  with  deg(u) =p—1.  Since
deg(y)<p — 1, we find that u # y. But by 1, deg(u)
< % Thus,
1

deg(x) = p — 1 = deg(u) <~

and

deg(y) < !

gl) = %

Now, {a} is an a-split dominating set for G, implying that
7,:(G) = 1, a contradiction.

O

4 Conclusion

In this paper, the exact value for the o-split domination
number of P,, C,, K, , with 0<a <1 is calculated. Also,
we proved that o-split domination number is equal to the
vertex covering number with 1>a > (4(G) — 1)/4(G).
Moreover, we bestowed the bounds for «-split domination
of vertex critical graphs with set of all support vertices of
G and edge critical graphs. In future, we plan to establish
upper and lower bounds for the various domination
parameters of a graph.
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