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Abstract In this paper, we present the concept of a-split
domination in graphs. Besides, we calculate the a-split
domination number of path, cycle, complete bipartite

graphs and discuss the upper bounds for a-split domination

number in terms of order p, size q and the maximum degree

D. We prove that a-split domination number is equal to the

vertex covering number with 1� a[ ðDðGÞ � 1Þ=DðGÞ
and propose the upper bound for a-split domination number

of a tree with diamðGÞ� 3 in terms of the leaves among all

its vertices and equality holds if and only if the split

domination number of a tree is equal to the leaves among

all its vertices. Also, we probe the a-split domination

vertex critical graph with set of all support vertices of G

and the lower bound for a-split domination number in

terms of the order p and a satisfies 0\a� 1. Moreover, we

investigate the a-split domination edge criticalness and

show that G is 2-c�as-edge critical with dðGÞ[ 1 if and only

if G ¼ C3.

Keywords Domination � Domination number �
Split domination � a-domination

Mathematics Subject Classification 05C38 � 05C40 �
05C69

1 Significance of the Work

Domination is one of the important concepts in graph

theory due to its applications. In this paper, a-split domi-

nation is introduced. This domination is studied for several

main graph classes and some upper bounds for the a-split
domination number are obtained. Also several topics

related to this domination type are studied.

2 Introduction

Graph terminology used in this paper can be found in [1].

Let G ¼ ðV;EÞ be a graph with vertex set V ¼ VðGÞ of

order p ¼ jVj and edge set E ¼ EðGÞ of size q ¼ jEj
having no isolated vertex. Let v be a vertex in V. The

degree of v denoted by d(v) is the number of edges of G

incident to v. The minimum and maximum degree among

the vertices of G are respectively denoted by dðGÞ and

DðGÞ. For a subset S � V , the subgraph induced by S is

denoted by G[S]. A path on p vertices is denoted by Pp,

while a cycle on p vertices is denoted by Cp.
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The fundamentals of domination were introduced in [2].

The open neighborhood of v is NGðvÞ ¼ fu 2 V juv 2 Eg
and the closed neighborhood of v is NG½v� ¼ fvg [ NGðvÞ.
For a set S � V , its open neighborhood is the set

NGðSÞ ¼ [v2SNGðvÞ, and its closed neighborhood is the set

NG½S� ¼ NGðSÞ [ S.

The concept of split domination in graphs can be found

in [3]. In [4], split domination number of a congruent

dominating graph is introduced. The notion of split domi-

nation number of a divisible dominating graphs was dis-

cussed by Amutha et al. in [5].

Prabha et al. [6] gave the idea of the neighborhood outer

split domination in graphs. The a-domination in graphs has

been scrutinized in [7]. Some remarks on a-domination is

given in [8]. In [9, 10], the concepts of vertex removal and

edge removal in a-domination were used. The a-domina-

tion and the a-total domination in graphs were introduced

in [11, 12]. Motivated by this work, in this paper, we

present the concept of a-split domination in graphs. For

some a with 0\a� 1, a split dominating set S in G is an a-
split dominating set if for every vertex v 2 VnS,
jNðvÞ \ Sj � ajNðvÞj. The minimum cardinality of an a-
split dominating set of G is called the a-split domination

number of G and it is denoted by casðGÞ: We calculate the

a-split domination number of certain standard graphs and

we acquire bounds for casðGÞ. The set of all support ver-

tices of G is denoted by S(G). The vertex covering number

of G is denoted by a0ðGÞ and the diameter of G is denoted

by diam(G).

3 Bounds on a-Split Domination Number

In this section, we compute the a-split domination number

of path, cycle, complete bipartite graphs and give some

bounds for the a-split domination number in terms of the

order, size, degrees, vertex covering number and other

graph parameters.

Observation For 0\a� 1=D, we have casðGÞ ¼ csðGÞ.

Theorem 1 For p� 3,

casðPpÞ ¼

p

3

l m
if 0\a� 1

2
p

2

j k
if

1

2
\a� 1:

8><
>:

Proof Let G ¼ Pp. If 0\a� 1
2
, then by above

observation, casðGÞ ¼ csðGÞ ¼ dp
3
e. Hence, we assume

that a[ 1=2, for otherwise the desired result follows. Let

S be an arbitrary a-SDS in G and let T ¼ VnS. If u is an

end vertex of the path, then da � dðuÞe ¼ 1, while if u is an

internal vertex of the path, then da � dðuÞe ¼ 2. Thus, if

u 2 VnS, then NðuÞ � S, implying that j½S; T �j � ðjT j � 3Þ

þ2 ¼ jTj � 1, where [S, T] denotes the set of all edges

between S and T in G. Since each vertex in the SDS S is

adjacent to at most two vertex in V � S, we have that

j½S; T �j � jSj. Hence, jSj � jT j � 1 ¼ ðp� jSjÞ � 1 or

equivalently, jSj � p�1
2
. Since S is an arbitrary a-SDS, we

have that casðGÞ� dp�1
2
e. To show that casðGÞ� dp�1

2
e, let

G be the path u1; u2; � � � ; up and let S ¼ [
bp
2
c�1

j¼0
fu2jþ2g. If p is

even, then D ¼ S, where D is the arbitrary set of vertices in

G and note that jDj ¼ p
2
. If p is odd, then let D ¼ S and note

that jDj ¼ bp
2
c. In both cases, D is a a-SDS of G of

cardinality bp
2
c, implying that casðGÞ� bp

2
c. Consequently,

casðGÞ ¼ bp
2
c. h

Theorem 2 For p� 3,

casðCpÞ ¼

p

3

l m
if 0\a� 1

2
p

2

l m
if

1

2
\a� 1:

8><
>:

Proof Let G ¼ Cp. If 0\a� 1
2
, then by Observation 1,

casðGÞ ¼ csðGÞ ¼ dp
3
e. Hence, we assume that a[ 1

2
, for

otherwise, the desired result follows. Let S be an arbitrary

a-SDS in G and let T ¼ VnS. For every vertex u 2 V , we

have da � dðuÞe ¼ 2. Thus, if u 2 VnS, then NðuÞ � S

implying that j½S; T �j ¼ jT j, where [S, T] denotes the set of
all edges between S and T in G. Since each vertex in the

SDS S is adjacent to at most two vertices in VnS, we have

that j½S; T �j � jSj. Hence, jSj � jTj ¼ ðp� jSjÞ or

equivalently, jSj � p
2
. Since S is an arbitrary a-SDS, we

have casðGÞ� dp
2
e. To show that casðGÞ� dp

2
e, let G be the

cycle u1; u2; . . .; up; u1 and let S ¼ [
dp
2
c�1

j¼0
fu2jþ2g. If p is even,

then D ¼ S, where D is the arbitrary set of vertices in G

and note that jDj ¼ p
2
. If p is odd, then let D ¼ S and note

that jDj ¼ dp
2
e. In both the cases, D is a a-SDS of G of

cardinality dp
2
e implying that casðGÞ� dp

2
e. Consequently,

casðGÞ ¼ dp
2
e.

Theorem 3 Let Km;n be the complete bipartite graph with

1�m� n .Then for all a with 0\a� 1, we have

casðKm;nÞ ¼ minfm; ng.

Proof Let G ¼ Km;n have partite sets A and B, where

jAj ¼ m and jBj ¼ n. Let S ¼ A be a casðGÞ-set and let

SA ¼ S \ A and SB ¼ S \ B. Then, jSAj � 1 and jSBj ¼ 0

and let S ¼ B be a casðGÞ-set. Then, jSAj ¼ 0 and jSBj � 1.

Let u 2 V � S. If u 2 A, then jSBj ¼ jNðuÞ \ Sj
� jNðuÞj ¼ n, while if u 2 B, then analogously, jSAj ¼
jNðuÞ \ Sj � jNðuÞj ¼ m. If A ¼ SA, then jSj � jAj ¼ m,

while if B ¼ SB, then jSj � jBj ¼ n. Thus, if A ¼ SA or

B 6¼ SB, then jSj �m and if A 6¼ SA or B ¼ SB, then jSj � n.

Consequently, casðGÞ ¼ jSj �minfm; ng. To prove the

reverse inequality, we observe that the set A is an a-SDS
and so casðGÞ�m or if B is an a-SDS, then casðGÞ� n.

Consequently, casðKm;nÞ ¼ minfm; ng. h
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Theorem 4 If G is a graph of order p and size q with no

isolated vertex and with minimum and maximum degrees d
and D, respectively, then for 0\a� 1, the following holds:

(a) casðGÞ� dade p
Dþdade

(b) casðGÞ� ðdþdadeÞ p�2q
dþdade

(c) casðGÞ� 2aq
ðaþ1ÞD

Proof Let S be a casðGÞ-set and let T ¼ VnS. Let G[S]
and G[T] denote the subgraphs of G induced by S and T,

respectively. Recall that [S, T] denotes the set of all edges

between S and T in G.

(a) We count the number of edges |[S, T]| between S and

T in two ways. Counting the edges from S to T, we

have j½S; T �j �DjSj, while counting the edges from T

to S, we have

j½S; T�j �
X
u2T

da dðuÞe� dade � jTj ¼ dadeðp� jSjÞ:

Thus, D � jSj � dadeðp� jSjÞ or equivalently casðGÞ ¼ jSj
� ðdadepÞ=ðDþ dadeÞ. This proves (a).
(b) Since G[S] contains an isolated vertex, we have

qðG½S�Þ þ jSj � 1. Moreover
P
u2T

dGðuÞ ¼ 2qðG½T �Þ þ
j½S; T �j and jTj ¼ p� jSj. As shown in (a) above,

counting the edges from T to S, we have

j½S; T �j � dadeðp� jSjÞ. Hence
q ¼ qðG½S�Þ þ jSj þ qðG½T�Þ þ j½S; T �j � jSj

� 1þ 1

2

X
u2T

dGðuÞ � j½S; T�j
 !

þ j½S; T �j � jSj

� 1þ 1

2

X
u2T

d

 !
þ 1

2
j½S; T �j � jSj

� 1þ 1

2
dðp� jSjÞ þ 1

2
j½S; T �j � jSj

� 1þ 1

2
ð1� dÞjSj þ 1

2
dadeðp� jSjÞ � jSj

and so 2q� ðdþ dadeÞp�ð�d� dadeÞjSj. Since

�d� dade\0, we have casðGÞ ¼ jSj � ððdþ dadeÞp
�2qÞ=ðdþ dadeÞ. This proves (b).
(c) Counting the edges from S to T, we have

j½S; T �j �
P
u2S

dGðuÞ since G[S] has an isolated vertex.

While counting the edges from T to S, we have

j½S; T �j �
P
u2T

adðuÞ. Hence,
P
u2S

dðuÞ�
P
u2T

adðuÞ.
Adding

P
u2S

adðuÞ to both sides of inequality, we have

ððaþ 1ÞDÞjSj �
P
u2S

ðaþ 1ÞdðuÞ�
P
u2V

adðuÞ = 2aq,
and so casðGÞ ¼ jSj � ð2aqÞ=ððaþ 1ÞDÞ. This proves

(c).

h

Theorem 5 If G is a graph of order p, size q having no

isolated vertex and minimum degree d� 2 and if a satisfies

0\a� 1� 1=d, then casðGÞ� 2q�dade p
d�dade .

Proof Let S be a casðGÞ-set and let T ¼ VnS. Let G[S]
and G[T] denote the subgraphs of G induced by S and T,

respectively. Since

q� qðG½S�Þ þ j½S; T �j ¼ 1

2

X
u2S

dGðuÞ � S; T½ �j j
 !

þ S; T½ �j j

� 1

2
djSj þ 1

2
S; T½ �j j � 1

2
djSj þ 1

2
dade p� jSjð Þ;

we have 2q� dadep�ðd� dadeÞjSj: By assumption,

a�ðd� 1Þ=d, and so d� dade[ 0 implying that

casðGÞ ¼ jSj � ð2q� dadepÞ=ðd� dadeÞ.

Theorem 6 Let G be a graph. If 1� a[ ðDðGÞ � 1Þ
=DðGÞ, then casðGÞ ¼ a0ðGÞ.

Proof Suppose G is a graph and S is a cas-set, with

a[ ðDðGÞ � 1Þ=DðGÞ. Let u be a vertex with u 62 S. Then,

jNðuÞ \ Sj[ ðDðGÞ � 1ÞjNðuÞj=DðGÞ. Thus, we deduce

that DðGÞjNðuÞ \ Sj[DðGÞjNðuÞj � jNðuÞj. Let i� 0 be

an integer satisfying i ¼ jNðuÞj � S. Then, jNðuÞj � i ¼
jNðuÞ \ Sj and so DðGÞ½jNðuÞj � i�[ DðGÞjNðuÞj�
jNðuÞj. Thus, DðGÞ � i\jNðuÞj. If i� 1, this contradicts the

definition of maximum degree. Hence, i ¼ 0. Since u is

chosen to be an arbitrary vertex outside S, it must be true

that every vertex in VnS has its open neighborhood con-

tained in S. So there is no edge in G with both end vertices

in VnS. Consequently, S is a vertex cover for G and

a0ðGÞ� jSj. Since the reverse inequality always holds, we

must have equality. h

Proposition 1 Let T be a tree on p vertices with l leaves

and with diamðTÞ� 3. Also let a satisfy 0\a� 1. Then,

casðTÞ� p� l with equality if and only if csðTÞ ¼ p� l.

Proof Let T ¼ ðV;EÞ. For every leaf u of T, we have

da � dðuÞe ¼ 1. Since diamðTÞ� 3, every vertex that is not

a leaf has at least one non-leaf neighbor. Hence, the set

VnLðTÞ is an a-SDS, and so casðTÞ� p� l. By Observation

1, we have that csðTÞ� casðTÞ. Hence, if csðTÞ ¼ p� l,

then casðTÞ ¼ p� l. Conversely, suppose that

csðTÞ\p� l. Let D be a csðTÞ-set. If D contains a leaf v,

then we can simply replace v by a non-leaf neighbor of the

support vertex adjacent to u to obtain a new csðTÞ-set that
contains fewer leaves. Hence, we may choose the csðTÞ-set
to contain no leaf. Every SDS in a graph contains the

support vertices but no leaf, there must be a vertex u 62 D

that is neither a leaf nor a support vertex. Let

S ¼ VnðLðTÞ [ fugÞ. Since D � S, the set S is an SDS in T.

Further, since NðuÞ � S and since S contains a support

vertices, every vertex outside S has all its neighbors in S
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implying that the set S is an a-SDS and casðTÞ� jSj\p� l.

Hence, if csðTÞ\p� l, then casðTÞ\p� l. Therefore, if

casðTÞ ¼ p� l, then csðTÞ ¼ p� l.

We call a graph G as a-split domination vertex critical

or just cas-vertex critical if for any v 2 VðGÞ � SðGÞ,
casðG� vÞ\casðGÞ, where S(G) is the set of all support

vertices of G.

Theorem 7 If G is a cas-vertex critical graph of order p,

then for any vertex u 2 VðGÞ � SðGÞ,

casðGÞ�
a dðG� uÞ p þ DðGÞ
a dðG� uÞ þ DðG

� �
:

Proof Let G be a cas-vertex critical graph of order p and

let u 2 VðGÞ � SðGÞ. Let H ¼ G� u and let D be a

casðHÞ-set. Then jDj ¼ casðGÞ � 1. Let T be the set of

edges between D and VðHÞ � D. By counting the edges

from D to VðHÞ � D, we obtain that

jT j �
X
u2D

degðuÞ� jDjDðGÞ:

On the other hand, since D is an a-split dominating set for

H, we find that

jT j �
X

u2VðHÞ�D

adegHðuÞ� adðHÞðjVðHÞj � jDjÞ:

Now, we obtain jDj DðGÞ� adðHÞðp� 1� jDjÞ. Since

jDj ¼ casðGÞ � 1 and H ¼ G� u, a simple calculation

implies that

casðGÞ�
adðG� uÞpþ DðGÞ
adðG� uÞ þ DðG

� �
:

h

Theorem 8 If G is a cas-vertex critical graph of order p

and size q, then

casðGÞ�
2aq� a DðGÞ þ DðGÞ

DðGÞ ðaþ 1Þ

� �
:

Proof Let G be a cas-vertex critical graph of order p and

size q. Let u 2 VðGÞ � SðGÞ and H ¼ G� u. Let D be a

casðHÞ-set. Then,X
u2D

degHðuÞ�
X

u2VðHÞ�D

adegHðuÞ:

Now,

ðaþ 1ÞjDjDðGÞ� a
P
u2D

degHðuÞ þ
P
u2D

degHðuÞ

� a
X
u2D

degHðuÞ þ
X

u2VðHÞ�D

a degHðuÞ� a
X

u2VðHÞ
degHðuÞ

¼ að2q� 2degGðuÞÞ� að2q� 2DðGÞÞ:

Since jDj ¼ casðGÞ � 1, a simple calculation completes the

proof.

We call a graph G, c�as-edge critical if dðGÞ[ 1 and

removing any edge of G decreses the a-split domination

number. h

Theorem 9 If a graph G is c�as-edge critical, then for any

edge e ¼ uv and any casðG� eÞ-set D, the following hold.

(i) fu; vg \ D ¼ /
(ii) jNGðvÞ \ Dj\adegGðvÞ

. or jNGðuÞ \ Dj\a degGðuÞ.

Proof

(i) Let G be a c�as-edge critical graph. Let e ¼ uv be an

edge of G and let D be a casðG� eÞ-set. If

fu; vg \ D 6¼ /, then D is an a-split dominating set

for G, a contradiction. So, fu; vg \ D ¼ /.
(ii) If jNGðvÞ \ Dj � a degGðvÞ and jNGðuÞ \ Dj � a degG

ðuÞ, then D is an a-split dominating set for G, a

contradiction. Thus, jNGðvÞ \ Dj\a degGðvÞ or

jNGðuÞ \ Dj\a degGðuÞ. This completes the proof.

For an integer k� 2, a graph G is called k � c�as - edge
critical if G is c�as - edge critical with casðGÞ ¼ k. h

Theorem 10 If G is a graph with dðGÞ[ 1, then G is 2-

c�as-edge critical if and only if G ¼ C3 and 0\a� 1.

Proof It is easy to see that G ¼ C3 is 2 - c�as-edge critical

for 0\a� 1. Assume that G is a 2 - c�as-edge critical graph
of order p with dðGÞ[ 1. Let e ¼ xy 2 EðGÞ. Then,

casðG� eÞ ¼ 1. Let D ¼ fag be a casðG� eÞ-set. Clearly,
a 62 fx; yg. Then, degðaÞ ¼ p� 1. We observe that

1 ¼ jNðyÞ \ Dj � aðdegðyÞ � 1Þ, and so degðyÞ� 1
a þ 1 and

similarity deqðxÞ� 1
a þ 1. Furthermore, if b 2 VðGÞ

�fa; x; yg, then

degðbÞ� 1

a
: ð1Þ

We consider the following two cases.

(i) Assume that degðxÞ ¼ degðyÞ. If p ¼ 3, then G ¼ C3,

and it is c�as-edge critical if and only if 0\a� 1. If

p� 4, let z 2 VðGÞ � fa; x; yg. Since casðG� azÞ ¼ 1,

we find that degðxÞ� 1
a or degðyÞ� 1

a. Since

degðxÞ ¼ degðyÞ, we obtain degðxÞ ¼ degðyÞ� 1
a. But

then, fag is an a split dominating set for G, implying

the contradiction casðGÞ ¼ 1.

(ii) Assume that degðxÞ 6¼ degðyÞ. Assume, without loss

of generality that degðxÞ[ degðyÞ. Let x1 2 NðxÞ
�fa; yg, and let D1 be a casðG� ax1Þ-set. If

D1 6¼ fxg, then degðxÞ� 1
a and so degðyÞ\degðxÞ

� 1
a. Consequently, D ¼ fag is an a-split dominating

set for G, implying that casðGÞ=1, a contradiction.

Thus, D1 ¼ fxg. So degðxÞ ¼ p� 1. Let D2 be a

casðG� axÞ-set. Then, D2 ¼ fug for some u 2
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VðGÞ � fa; xg with degðuÞ ¼ p� 1. Since

degðyÞ\p� 1, we find that u 6¼ y. But by 1, degðuÞ
� 1

a. Thus,

degðxÞ ¼ p� 1 ¼ degðuÞ� 1

a

and

degðyÞ� 1

a
:

Now, fag is an a-split dominating set for G, implying that

casðGÞ ¼ 1, a contradiction.

h

4 Conclusion

In this paper, the exact value for the a-split domination

number of Pp, Cp, Km;n with 0\a� 1 is calculated. Also,

we proved that a-split domination number is equal to the

vertex covering number with 1� a[ ðDðGÞ � 1Þ=DðGÞ.
Moreover, we bestowed the bounds for a-split domination

of vertex critical graphs with set of all support vertices of

G and edge critical graphs. In future, we plan to establish

upper and lower bounds for the various domination

parameters of a graph.
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